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PROMOTING ESSENTIAL LAMINATIONS
DANNY CALEGARI
ABSTRACT. We show that a co–orientable taut foliation of a closed, orientable,
algebraically atoroidal 3–manifold is either the weak stable foliation of an Anosov
flow, or else there are a pair of very full genuine laminations transverse to the
foliation.
1. INTRODUCTION
A topological manifold is a very flabby object. It has no local internal struc-
ture, and except in very special cases, the group of automorphisms is transitive
on the set of subsets of a fixed finite cardinality. The same manifold can appear
in a myriad of different forms, and the question of recognizing or distinguishing
manifolds, or of certifying a useful property, is in the best case very hard, and in
the worst (typical) case algorithmically unsolvable.
It is therefore desirable to stiffen or rigidify the structure of a manifold, by in-
troducing geometry in some form or other, in order to reduce this ambiguity of
form to a manageable amount. But exactly what sort of geometric constraints are
neither too much (so that there are no examples) or too little (so that the geomet-
ric structure does not help with the problem of understanding or recognizing the
underlying manifold) is very dimension dependent. As a general rule, smaller di-
mensional objects are easier to understand. Important principles become easier to
apply and yield more and richer structure. In this paper, the notion ofmonotonicity
is very important, especially as it relates to natural order or partial-order struc-
tures on certain sets. More generally, such order structures provide a bridge from
geometric problems to algebraic language, and permit one to perform experiments
and construct certificates with the use of computers.
As an organizational tool, monotonicity loses effectiveness as dimension goes
up; consequently it is most powerful when used in the context of certain dynami-
cal systems, which can effectively reduce the study of a manifold to two comple-
mentary problems of strictly smaller dimension: the study of the orbits of the system,
and the study of the parameter space or leaf space of the orbits. Geometric or analytic
qualities of the dynamical system are reflected in the properties of the dimension-
ally reduced systems.
1.1. Foliations and arboreal group theory. In the case of the study of 3–manifolds,
a very effective tool for dimensional reduction is the structure of a 2–dimensional
foliation, especially a taut foliation F of M which, at least when M is atoroidal,
may be defined as a 2–dimensional foliation without spherical or torus leaves. A
basic structure theorem of Novikov implies that the leaf space L of the universal
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cover F˜ of such a foliation is a typically non–Hausdorff simply–connected 1–manifold,
on which π1(M) acts naturally.
Such 1–manifolds are not unlike R–trees in some ways, and many of the tools
of arboreal group theory (e.g. [49], [1]) can be used to study the action of π1(M). If
F is co–orientable, the leaf space L is an oriented 1–manifold, and this orientation
defines a partial order on the elements of L. This global partial order structure
adds extra nuances to the arboreal theory, and is the source of many important
constructions. For example, in a remarkable tour de force, Roberts, Shareshian and
Stein ([47]) recently managed to give examples of an infinite family of hyperbolic
3–manifolds which do not admit taut foliations, simply by studying the action of
their fundamental groups on (non–Hausdorff) simply–connected 1–manifolds.
1.2. The classification of surface homeomorphisms. If L and the action of π1(M)
are understood, it remains to understand the leaves of F themselves, and the
way they fill out the manifold M ; the relevant subject is the theory of surface
homeomorphisms.
In this subsection we discuss the simplest case of the theory of surface homeo-
morphisms. We derive Thurston’s famous theorem on the classification of surface
homeomorphisms by a route which is nearly the opposite of the historical and, for
that matter, the logical direction. The reason is mainly pedagogical: this order of
exposition more clearly reveals the order of development of some analogous ideas
for more general taut foliations. We will necessarily cover a lot of material very
briefly. Most of the details can be found in the papers [55], [60] and [16].
First we recall the statement of the theorem, in its most basic form.
Theorem 1.2.1 (Thurston, [55] Classification of surface homeomorphisms). Let Σ
be a closed, orientable surface of genus at least 2, and let φ : Σ→ Σ be a homeomorphism.
Then one of the following three alternatives holds:
(1) φ is periodic; that is, some finite power of φ is isotopic to the identity.
(2) φ is reducible; that is, there is some finite collection of disjoint essential simple
closed curves in Σ which are permuted up to isotopy by φ.
(3) φ is pseudo–Anosov.
For the moment, we postpone the definition of a pseudo–Anosov diffeomor-
phism of a surface, since this will be the punchline of our revisionist story.
Given the pair (Σ, φ) one forms the mapping torusMφ which is the quotient of
the product Σ × I by the equivalence relation (s, 1) ∼ (φ(s), 0). Mφ is a fibration
over S1, with fiber Σ and monodromy φ. By analogy with the notation for a short
exact sequence, we denote this
Σ→Mφ → S
1
and there is a corresponding short exact sequence of groups
π1(Σ)→ π1(Mφ)→ Z
which represents π1(Mφ) as an HNN extension. The automorphism φ of Σ in-
duces an automorphism φ∗ of π1(Σ), well–defined up to inner automorphisms. A
presentation for π1(Mφ) is then given by
π1(Mφ) = 〈π1(Σ), t | t
−1αt = φ∗(α) for each α in π1(Σ)〉
The homeomorphism type of this 3–manifold only depends on the isotopy class of
φ. Then the classification of φ neatly reflects the geometry of the mapping torus.
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Recall that forM a closed, topological 3–manifold, and X a simply–connected
locally symmetric Riemannian 3–manifold, an X geometry on M is a homeomor-
phism
ϕ :M → X/Γ
whereΓ is a free, discrete, cocompact, properly discontinuous subgroup of Isom(X).
See [56] for more details.
Theorem 1.2.2 (Thurston, [60] Geometrization of surface bundles). Let Σ be a sur-
face of genus at least 2, and let φ : Σ → Σ be a homeomorphism. Then the mapping torus
Mφ satisfies the following:
(1) If φ is periodic,Mφ admits an H
2 × R geometry.
(2) If φ is reducible,Mφ has a non–trivial JSJ decomposition.
(3) If φ is pseudo–Anosov,Mφ admits an H
3 geometry.
From now on we consider the case where φ is pseudo–Anosov, and therefore
Mφ is hyperbolic, and we can identify its universal cover with hyperbolic 3–space
M˜φ = H
3
The action of π1(Mφ) on M˜φ extends continuously to an action on the ideal boundary
of H3, which is a topological sphere which we denote by S2∞, and the action of
π1(Mφ) on this sphere is byMo¨bius transformations. We denote the representation
inducing this action by
ρgeo : π1(Mφ)→ Homeo(S
2
∞)
There is another view of M˜φ which comes from the foliated structure ofMφ. To
describe this point of view, we make use of some ideas of coarse geometry from
Gromov as developed in [30].
The foliation of Σ × I descends to a (taut) foliation of Mφ by surfaces which
are the fiber of the fibration over S1. This gives M˜φ the structure of an open solid
cylinder
M˜φ = Σ˜× R
The universal cover of each fiber Σθ is quasi–isometric with its pulled back in-
trinsic metric to the hyperbolic plane H2, and can therefore be compactified by its
ideal boundary, which is a topological circle S1∞.
This circle S1∞ can just as well be thought of as the Gromov boundary of the
group π1(Σ). The group π1(Mφ) acts on π1(Σ) in the obvious way: the subgroup
π1(Σ) acts on the left by multiplication, and the element t acts by the automor-
phism φ∗. This action on π1(Σ) induces an action of π1(Mφ) on S
1
∞(π1(Σ)), and
together with the action onR given by the homomorphism to Z, this gives a (prod-
uct respecting) action of π1(Mφ) on S
1 ×Rwhich partially compactifies the action
on the open cylinder Σ˜× R.
The action of π1(Mφ) on R is boring; all the information is already contained in
the action on S1∞. We denote the representation inducing this action by
ρfol : π1(Mφ)→ Homeo(S
1
∞)
Theorem 1.2.3 (Cannon–Thurston [16] Continuity of Peano map). Suppose Mφ is
a hyperbolic surface bundle over S1 with fiber Σ and monodromy φ. Then there is a
continuous, surjective map
P : S1∞ → S
2
∞
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which is a semiconjugacy between the two actions of π1(Mφ). That is, for each α ∈
π1(Mφ),
P ◦ ρfol(α) = ρgeo(α) ◦ P
Since the image of S1∞ under P is closed and invariant under the action of
π1(Mφ), it is equal to the entire sphere S
2
∞; that is, it is a Peano curve, or sphere–
filling map.
The fact that P is sphere–filling is disconcerting and beautiful, but it is not the
whole story. More interesting is the fact that P can be approximated by embeddings
in a natural way.
If Σ˜θ denotes the universal cover of a fiber, then Σ˜θ is a properly embedded
plane in M˜φ = H
3. By theorem 1.2.3, the embedding of Σ˜θ extends continuously
to the Peano map on the boundary, by the canonical identification of S1∞(Σ˜θ) with
S1∞(π1(Σ)). In the unit ball model of H
3, let p ∈ Σ˜θ be a base point at the origin.
Let Ti ⊂ Σ˜θ be (a component of) the intersection of Σ˜θ with a family of concentric
spheres about p. Radial projection from p in Σθ identifies each Ti with S
1
∞(Σ˜), and
radial projection from p in H3 identifies each Ti with an embedded circle in S
2
∞. We
denote the composition of these identifications by
Pi : S
1
∞ → S
2
∞
which gives a family of maps which converge in the compact–open topology to
P . Each Pi decomposes the complement of its image into two sides, which we can
consistently label as the positive and negative sides, compatibly with an orienta-
tion on S1∞ and S
2
∞.
Define a positive pair to be a pair of elements p, q ∈ S1, and a choice, for each Pi,
of an arc γi ⊂ S2∞ from Pi(p) to Pi(q) whose interior is disjoint from Pi(S
1) and
contained on the positive side, and which satisfies
lim
i→∞
diameter(γi)→ 0
We denote a positive pair by (p, q, {γi}).
Now, if (p1, p2, {γi}) is one positive pair and (q1, q2, {δi}) is another, then either
{p1, p2} and {q1, q2} are unlinked as copies of S0 in S1∞, or else all four points are
mapped to the same point byP . The reason is that if {p1, p2} and {q1, q2} are linked
in S1∞, then γi and δi lying on the same side of the image of Pi must intersect. Since
their lengths converge to 0 as i→∞, the claim follows.
The positive pairs define a subset of S1 × S1 which generates a closed equiv-
alence relation, which we denote by ∼+. Similarly, we can define ∼− in terms of
negative pairs. Note that distinct equivalence classes of ∼+ say have the property
that they are unlinked as subsets of S1, in the sense that if S01 , S
0
2 are two embedded
copies of S0 in S1 which are each contained in distinct equivalence classes of ∼+,
then the homological linking number of the S0i ’s is 0.
Applying this fact to the map P : S1∞ → S
2
∞ lets us construct a pair of geodesic
laminations Λ˜± of Σ˜ as follows (see section § 2 for a definition and a discussion of
geodesic laminations). The lamination Λ˜+ is the union, over equivalence classes
[p] of∼+, of the boundary of the convex hull of [p], thought of as a subset of S1∞(Σ˜).
It is crucial here that distinct equivalence classes are unlinked, so that the result is
a lamination, and not merely a collection of geodesics. The action of π1(Σ) on Σ˜
preserves these laminations, and they descend to geodesic laminations Λ± on Σ
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which are preserved by the action of (a homeomorphism isotopic to) φ. It is not
hard to show that these laminations are transverse, and bind Σ, in the sense that
complementary regions are (compact) finite sided polygons. The usual Perron–
Frobenius theory shows that Λ± admit transverse measures µ± which are multi-
plied by λ, λ−1 respectively by φ, for some λ > 1. This is one of the definitions
of a pseudo–Anosov map, and Thurston’s theorem on the classification of surface
homeomorphisms is recovered via a very non–standard route.
Note that a posteriori, it can be seen that the laminations Λ˜± are determined
uniquely by the action of π1(Mφ) on the circle S
1
∞, and can be recovered from the
fixed point data of φ∗ and its conjugates.
Of course this is not a logical deduction, since the usual proofs of both theo-
rem 1.2.2 and theorem 1.2.3 depend essentially on theorem 1.2.1.
More useful information can be derived from this picture. Each of the invari-
ant geodesic laminations Λ± on Σ suspend in the mapping torus to two dimen-
sional laminations. Notice that such laminations have some useful properties.
The leaves are covered in M˜φ by planes. The finitely many complementary re-
gions are topologically open solid tori, which have the extra structure of finite
sided ideal polygon bundles over S1. They are the prototypical example of very
full genuine laminations, a particularly well behaved subclass of the class of gen-
uine laminations, introduced by Gabai and Oertel in [28]. Such laminations certify
important properties of their ambient manifold. In [25],[26] and [27] Gabai and
Kazez show that an atoroidal 3–manifoldM with a genuine lamination has word–
hyperbolic fundamental group, has a finite mapping class group, and that every
self–homeomorphism homotopic to the identity is isotopic to the identity.
In another direction, the laminations Λ± can be used to produce a particularly
nice flowX transverse to the fibration. The projectively measured laminations Λ˜±
are dual to a pair of topological R–trees T±. Then the tautological quotient maps
of Σ˜ to T+ and T− define a map to the product T+×T− whose image is topologi-
cally a plane. Moreover, the image inherits a pair of singular foliations F± by the
intersection with factors T+× point and point× T− of the product structure. This
structure is equivariant, and defines a pair of transversely measured singular foli-
ations on Σwhich are transverse to each other and invariant by a suitable element
in the isotopy class of φ.
The suspension flowX of this homeomorphism is pseudo–Anosov. That is, away
from finitely many orbits, there is a decomposition of the tangent space TM into
a sum TX ⊕ TEs ⊕ TEu which is preserved by the flow, and where the time t
flow multiplies the vectors in the sub–bundles TEs and TEu by factors O(etλ)
and O(e−tλ) respectively, for some λ > 0. Moreover, the singular orbits look like
branched covers of the ordinary orbits, with branch index n/2 for some integer
n ≥ 3. A pseudo–Anosov without such singular orbits is Anosov. This pseudo–
Anosov flow has the property of being the minimal entropy flow transverse to the
foliation, and it also has the property of being quasigeodesic. That is, flowlines of
the lift X˜ in the universal cover are a bounded distance from hyperbolic geodesics
in M˜φ = H
3.
1.3. Circle of ideas. This pencil sketch of the theory of surface diffeomorphisms
outlines the application of this dimensional reduction idea to 3–manifold theory.
A certain kind of foliation — namely a fibration — reduces a 3–manifold Mφ to
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a 2–manifold Σ together with some dynamics φ. Ideal geometry reduces the 2–
manifold Σ to a 1–manifold S1∞ together with some further dynamics, namely the
action of π1(Σ). The relationship between S
1
∞ and S
2
∞ can be encoded in another
pair of 1–dimensional objects, namely the laminations Λ˜±, which are actually en-
coded in data living only on S1∞, and which can be recovered in principle purely
from the dynamics of π1(Mφ) on this 1–dimensional object.
The goal of this paper is to reproduce as much of this structure as possible in
the context of a more general kind of foliation, namely a taut foliation. We follow
the principle that smaller is better when it comes to dimension. Accordingly, we
aim to reduce our 3–manifold, via the use of some auxiliary dynamical data, to a
canonical circle S1univ called a universal circle, together with a natural representation
ρuniv : π1(M)→ S
1
univ
This circle and representation encodes the original dynamical data, or as much of
it as is important. In particular, from S1univ and ρuniv we can reconstruct the orig-
inal 3–manifold M and certify important topological, geometric and dynamical
properties of it.
Loosely speaking, the sources of universal circles are threefold: they arise from
the following three objects, which are all present in the example of surface bundle
over a circle.
(1) Taut foliations
(2) Very full genuine laminations
(3) Quasigeodesic pseudo–Anosov flows
Precise definitions of these structures will be deferred until § 3.
In the best situation, all three structures give rise to and can be recovered from
the universal circle, and their interactions are encoded in a uniform way. For de-
tails, consult [8]. In this paper we aim to show how, under suitable circumstances,
one of the structures— a taut foliation — gives rise to another: a (pair of) very full
genuine laminations.
1.4. Atoroidal versus algebraically atoroidal. Throughout this paper, we use the
term atoroidal in a slightly nonstandard way as shorthand for algebraically atoroidal.
A 3–manifold M is algebraically atoroidal if there is no Z ⊕ Z in π1(M). A 3–
manifold M is geometrically atoroidal if every essential embedded torus is bound-
ary parallel. For closed 3–manifolds, the two terms are interchangeable except
whenM is a small Seifert fibered space; i.e. a Seifert fibered space over a triangle
orbifold.
In statements of important theorems, in order to minimize confusion, we try to
use the longer term algebraically atoroidal.
1.5. Statement of results. In this section we state our results precisely.
§ 2 gathers basic results and constructions in the point set topology of S1 which
are used again and again throughout the rest of the paper. We define lamina-
tions of S1, laminar relations on S1, and geodesic laminations of the hyperbolic
planeH2, and we show how to move back and forward between these three kinds
of objects. We also define monotone maps between circles, which are degree one
maps whose point preimages are connected. The most important theorem is the-
orem 2.2.8, which concerns continuous families of monotone maps. This is a tech-
nical theorem which is used in later sections, especially § 5.
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§ 3 is mostly expository, being a brief introduction to the theory of taut foliations
and their cousins, essential and genuine laminations in 3–manifolds. It is hardly
a comprehensive survey, but it gives the definitions of the most important objects
and constructions, and gives statements of and references to all the basic founda-
tional results that we make use of in this paper. The subsection § 3.3 describes
Candel’s uniformization theorem 3.3.1 for hyperbolic laminations, and describes
how to use this theorem to construct the circle bundle E∞ over the leaf space L of
F˜ for a taut foliation F . The fiber of E∞ over a leaf λ of F˜ is just the ideal bound-
ary of λ in the sense of Gromov (see [30]). The more precise details of Candel’s
theorem are necessary to define the correct topology on E∞. The circle bundle E∞
is used repeatedly throughout the rest of the paper.
§ 4 is also expository. We present the outlines of proofs of the Leaf Pocket theo-
rem and the Universal Circle theorem from [8] (theorems 5.2 and 6.2 respectively
in [8]). For most of § 5, we do not need the details of the proofs of these theorems,
and we proceed as far as possible from the axiomatic statements of these theo-
rems. However, later in the paper we need to make use of some of the properties
of the universal circles constructed in [8], and therefore it is necessary to explain
the constructions in some detail.
§ 5 contains the really new results in this paper. We construct a pair of lamina-
tions Λ±univ of the universal circle S
1
univ constructed in § 4, and use these laminations
to construct a pair of 2–dimensional laminations Λ±split of M which are transverse
to F . We then go on to establish basic properties of these laminations. We say a
foliation F has 2–sided branching if the leaf space L of the pullback foliation F˜ on
the universal cover branches in both the positive and the negative directions. Our
main result is the following:
Theorem A. Let F be a co–orientable taut foliation of a closed, orientable algebraically
atoroidal 3–manifold M . Then either F has 2–sided branching and is the weak stable
foliation of an Anosov flow, or else there are a pair of very full genuine laminations Λ±split
transverse to F .
It follows by work of Gabai and Kazez, that a closed 3–manifold with a taut
foliation either contains a Z ⊕ Z in its fundamental group, or contains an Anosov
flow whose stable and unstable foliation have 2–sided branching, or else it has
word–hyperbolic fundamental group, the mapping class group is finite, and every
self–homeomorphism homotopic to the identity is isotopic to the identity.
Finally, in § 6 we discuss the dynamics of the laminations Λ±split. This section
is mainly descriptive, and serves to illustrate some of the structure developed in
earlier sections.
1.6. Notation. We make use of certain conventions for notation throughout this
paper, and try to be consistent throughout. For an object or structure X in a 3–
manifold M , X˜ will denote the pull back of X to the universal cover M˜ , where
this makes sense. Surfaces and manifolds will be denoted by upper case Roman
letters S,M,N etc. and points by lower case Roman letters p, q, r etc. Foliations
will be denoted by script letters F ,G etc. and laminations by upper case Greek
letters Λ etc. Leaves will be denoted by lower case Greek letters λ, µ, ν etc. Guts
of genuine laminations will be denoted by Gothic G and core circles of interstitial
annuli by lower case Gothic letters c.
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2. THE TOPOLOGY OF S1
In this sectionwe establish basic properties of the point set topology of S1 which
will be used in the rest of the paper. Good general references for point set topology
in low dimensions are [35],[4] and [40].
2.1. Laminations of S1.
Definition 2.1.1. We let S0 denote the 0 sphere; i.e. the discrete, two element set.
Two disjoint copies of S0 in S1 are homologically linked, or just linked if the points
in one of the S0’s are contained in different components of the complement of the
other. Otherwise we say they are unlinked.
Note that the definition of linking is symmetric.
Definition 2.1.2. A lamination Λ of S1 is a closed subset of the space of unordered
pairs of distinct points in S1 with the property that no two elements of the lam-
ination are linked as S0’s in S1. The elements of Λ are called the leaves of the
lamination.
The space of unordered pairs of distinct points in S1 may be thought of as a
quotient of S1×S1\diagonal by the Z/2Z action which interchanges the two com-
ponents. Topologically, this space is homeomorphic to a Mo¨bius band.
Most readers will be familiar with the concept of a geodesic lamination on a hy-
perbolic surface.
Definition 2.1.3. A geodesic lamination Λ on a complete hyperbolic surface Σ is a
closed union of disjoint embedded complete geodesics.
For a thorough development of the elementary theory of geodesic laminations,
see [17]. A geodesic lamination of Σ pulls back to define a geodesic lamination of
H2. Geodesic laminations of H2 and laminations of S1 are essentially equivalent
objects, as the following construction shows:
Construction 2.1.4. Let Λ be a lamination of S1. We think of S1 as the boundary of
H2 in the unit disk model. Then we construct a geodesic lamination of H2 whose
leaves are just the geodesics whose endpoints are leaves of Λ. We will sometimes
denote this geodesic lamination by Λgeo. Conversely, given a geodesic lamination
Λ of H2, we get a lamination of the ideal boundary S1∞ whose leaves are just the
pairs of endpoints of the leaves of Λ.
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There is another perspective on circle laminations, coming from equivalence
relations. The correct class of equivalence relations for our purposes are upper
semi–continuous decompositions.
Definition 2.1.5. A decomposition of a topological space X is a partition into com-
pact subsets. A decomposition G is upper semi–continuous if for every decompo-
sition element ζ ∈ G and every open set U with ζ ⊂ U , there exists an open set
V ⊂ U with ζ ⊂ V such that every ζ′ ∈ G with ζ′ ∩ V 6= ∅ has ζ′ ⊂ U . The
decomposition is monotone if its elements are connected.
A proper map from a Hausdorff space X to a Hausdorff space Y induces a de-
composition of X by its point preimages which is upper semi–continuous. Con-
versely, the quotient of a Hausdorff space by an upper semi–continuous decompo-
sition is Hausdorff, and the tautological map to the quotient space is continuous
and proper. See e.g. [35].
Definition 2.1.6. An equivalence relation ∼ on S1 is laminar if the equivalence
classes are closed, if the resulting decomposition is upper semicontinuous, and if
distinct equivalence classes are unlinked as subsets of S1. That is, if S01 , S
0
2 ⊂ S
1
are two S0’s which are contained in distinct equivalence classes, then they are not
homologically linked in S1.
We now show how to move back and forth between circle laminations and lam-
inar relations.
Construction 2.1.7. Given a laminar equivalence relation ∼ of S1, we think of S1
as the ideal boundary of H2. Then for every equivalence class [p] of ∼we form the
convex hull
H([p]) ⊂ H2
and the boundary of the convex hull
Λ([p]) = ∂H([p]) ⊂ H2
We let Λ denote the union over all equivalence classes [p]:
Λ =
⋃
[p]
Λ([p])
Then the fact that the equivalence classes are unlinked implies that the geodesics
making up Λ are disjoint. Moreover, the fact that ∼ is upper semicontinuous im-
plies that Λ is closed as a subset of H2. That is, it is a geodesic lamination, and
determines a lamination of S1 by construction 2.1.4.
Conversely, given a lamination Λ of S1, we may form the quotient Q of S1 by
the smallest equivalence relation which collapses every leaf to a point. This is not
necessarilyHausdorff; we letQ′ denote the Hausdorffification. Then the map from
S1 to Q′ induces an upper semi–continuous decomposition of S1. Moreover, this
equivalence relation is obviously unlinked; in particular, it is laminar.
We abstract part of construction 2.1.7 to show that every subset K ⊂ S1 gives
rise to a lamination, as follows
Construction 2.1.8. Let K ⊂ S1 be arbitrary. Think of S1 as ∂H2, and let H(K) ⊂
H2 be the convex hull of the closure ofK in S1. Then the boundary ∂H(K) is a geo-
desic lamination of H2, which determines a lamination of S1 by construction 2.1.4.
We denote this lamination of S1 by Λ(K).
10 DANNY CALEGARI
2.2. Monotone maps.
Definition 2.2.1. Let S1X , S
1
Y be homeomorphic to S
1. A continuous map φ : S1X →
S1Y is monotone if it is degree one, and if it induces a monotone decomposition of
S1X , in the sense of definition 2.1.5.
Note that the target and image circle should not be thought of as the same circle.
Equivalently, a map between circles is monotone if the point preimages are con-
nected and contractible. Said yet another way, a map is monotone if it does not
reverse the cyclic order on triples of points for some choice of orientations on the
target and image circle.
Definition 2.2.2. Let φ : S1X → S
1
Y be monotone. The gaps of φ are the maximal
open connected intervals in S1X in the preimage of single points of S
1
Y . The core of
φ is the complement of the union of the gaps.
Note that the gaps of φ are the connected components of the set where φ is
locally constant.
Recall that a set is perfect if no element is isolated.
Lemma 2.2.3. Let φ : S1X → S
1
Y be monotone. Then the core of φ is perfect.
Proof. The core of φ is closed. If it is not perfect, there is some point p ∈ core(φ)
which is isolated in core(φ). Let p± be the nearest points in core(φ) to p on either
side, so that the open oriented intervals p−p and pp+ are gaps of φ. But then by
definition,
φ(p−) = φ(p) = φ(p+) = φ(r)
for any r in the oriented interval p−p+. So by definition, the interior of this interval
is contained in a single gap of φ. In particular, p is contained in a gap of φ, contrary
to hypothesis. 
It follows that the set of points in core(φ) which are nontrivial limits from both
directions is dense in core(φ).
Example 2.2.4 (The Devil’s staircase). Let f : [0, 1] → [0, 1] be the function defined
as follows. If t ∈ [0, 1], let
0 · t1t2t3 · · ·
denote the base 3 expansion of t. Let i be the smallest index for which ti = 1. Then
f(t) = s is the number whose base 2 expansion is
0 · s1s2s3 · · · si00 · · ·
where each sj = 1 iff tj = 1 or 2 and j ≤ i, and sj = 0 otherwise. The graph of this
function is illustrated in figure 1.
The core of this map is the usual middle third Cantor set.
Definition 2.2.5. Let B be a topological space, and E a circle bundle over B. A
monotone family of maps is a continuous map
φ : S1 ×B → E
which covers the identity map on B, and which restricts for each b ∈ B to a mono-
tone map of circles
φb = φ|S1×b : S
1 × b→ Eb
We denote a monotone family by the triple (E,B, φ).
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FIGURE 1. The graph of f is called the Devil’s staircase.
Lemma 2.2.6. Let (E,B, φ) be a monotone family. Then the family of subsets {core(φb)}
vary lower semicontinuously as a function of b ∈ B, in the Hausdorff topology. That is, if
x ∈ core(φb), then if bi → b in B, there are points xi ∈ core(φbi) such that xi → x.
Proof. Let x ∈ core(φb). By lemma 2.2.3 it follows there is some sequence of distinct
points xi → x such that φb(xi) 6= φb(xj) for each i, j. It follows that for each i there
is a k such that φbK (xi) 6= φbK (xi+1) for all K ≥ k. In particular, the core of φbK
contains some point between xi and xi+1. The lemma follows. 
It follows that the closure of the union of gaps of φb varies upper semicontin-
uously as a function of b. An alternate proof of lemma 2.2.6 uses the fact that the
closures of gaps are exactly the nontrivial elements in the decomposition of S1×B
induced by φ.
Definition 2.2.7. Let (E,B, φ) be a monotone family. Let X ⊂ B be a subspace.
Define
core(X) =
⋃
b∈X
core(φb)
Notice that we define core(X) to be the closure of the union of the cores of φb
over all b ∈ X , and not simply the ordinary union. This is important to keep in
mind in the sequel; we will refer to this construction on a number of occasions in
section 5.
Theorem 2.2.8. Let (E,B, φ) be a monotone family, and suppose X,Y are path con-
nected subsets of B. Suppose for each x ∈ X and y ∈ Y that core(φx) and core(φy) are
unlinked. Then core(X) and core(Y ) are unlinked.
Proof. Since core(φx) and core(φy) are unlinked for each pair x ∈ X, y ∈ Y , it
follows that core(φx) is contained in the closure of a single gap of core(φy), and
vice versa.
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We claim that for every x ∈ X , core(φx) is contained in the closure of the same
gap of core(φy). For, let g be a gap of φy , and let Tg ⊂ X be the set of points
t for which core(φt) ⊂ g. Since g is closed, by lemma 2.2.6 the set Tg is closed.
Moreover, by lemma 2.2.3, distinct gaps have disjoint closures, and therefore if
g1, g2 are distinct gaps, Tg1 and Tg2 are disjoint. Let x1, x2 ∈ X be arbitrary, and let
γ be a path in X from x1 to x2. Then γ is decomposed into closed subsets which
are the intersections γ ∩ Tg as g varies over the gaps of φy . But there are only
countably many gaps of φy . On the other hand, any decomposition of an interval
into countably many closed subsets has only one element, by a beautiful theorem
of Sierpinski [50]. It follows that Tg = X , and every core(φx) is contained in the
same gap g of φy . We can therefore label g unambiguously as gy, and similarly
construct gy′ for every other y
′ ∈ Y .
Now, as y varies in Y , the closures of gaps gy do not vary continuously, but
merely upper semicontinuously. In particular, if yi → y then
lim
i→∞
gyi ⊂ gy
for every Hausdorff limit. Since each gyi is a closed arc, the same is true of each
Hausdorff limit. For each such discontinuous limit, i.e. where limi→∞ gyi 6= gy ,
we interpolate a 1–parameter family of closed arcs from limi→∞ gyi to gy which
are all contained in gy . Let G denote the union of the set of arcs gy with y ∈ Y and
the arcs in the interpolating families. Then G is a connected subset of the space of
closed arcs in S1. It follows that the intersection⋂
γ∈G
γ =
⋂
y∈Y
gy
is a connected arc, which contains core(X), and whose interior is in the complement
of core(Y ). It follows that core(X) and core(Y ) are unlinked, as claimed. 
2.3. Pushforward of laminations. Laminations of S1 can be pushed forward by
monotone maps.
Definition 2.3.1. Let Λ be a lamination of S1X , and φ : S
1
X → S
1
Y a monotone map.
Then φ induces a map from unordered pairs of points in S1X to unordered pairs of
points in S1Y . We let φ(Λ) denote the image of Λ in the complement of the diagonal.
Lemma 2.3.2. Let φ : S1X → S
1
Y be monotone, and let Λ be a lamination of S
1
X . Then
φ(Λ) is a lamination of S1Y .
Proof. The map φ induces a continuous map from S1X × S
1
X → S
1
Y × S
1
Y which
takes the diagonal to the diagonal. It follows that the image of Λ is closed in
S1Y × S
1
Y \diagonal. It remains to show that it is unlinked. But monotone maps do
not reverse the cyclic order of subsets; the claim follows. 
Laminations can also be pulled back by monotone maps.
Definition 2.3.3. Let Λ be a lamination of S1Y , and φ : S
1
X → S
1
Y a monotone map.
ThenΛ determines a laminar equivalence relation∼Y on S1Y , by construction 2.1.7.
Let∼X be the equivalence relation on S1X whose equivalence classes are the preim-
ages of equivalence classes in ∼Y . Then ∼X is a laminar relation, and induces a
lamination of S1X by construction 2.1.7 which we denote φ
−1(Λ).
The proof that ∼X is laminar follows immediately from the fact that φ is mono-
tone.
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2.4. Coarse geometry of the hyperbolic plane. This subsection summarizes some
basic facts about coarse geometry, quasigeodesic and geodesics in the hyperbolic
plane H2. We will use the results in this subsection implicitly throughout the rest
of the paper, usually without comment. It is included here simply as a service to
those readers who might be unfamiliar with or hazy on this material.
The material in this subsection is completely standard; excellent references are
[30] and [17].
Definition 2.4.1. LetX be ametric space. Let k > 1 and ǫ > 0. A (k, ǫ)–quasigeodesic
is a map l : R→ X such that for all p, q ∈ R,
1
k
dX(l(p), l(q))− ǫ ≤ d(p, q) ≤ kdX(l(p), l(q)) + ǫ
where dX(·, ·) denotes distance in X , and d(·, ·) denotes Euclidean distance in R.
Lemma 2.4.2. Let γ ⊂ H2 be a (k, ǫ)–quasigeodesic. Then there is a constant C(k, ǫ)
such that there is a complete geodesic γs ⊂ H2 which is C(k, ǫ) close to γ in the Hausdorff
metric.
Lemma 2.4.3. Let γ1, γ2 be two geodesics in H
2 which are Hausdorff distance C apart on
subsegments γ′1, γ
′
2 of length t. Then there is a constant C1 which does not depend on C,
such that γ′1 and γ
′
2 are Hausdorff distance C/2 apart on subsegments of length t− C1.
By applying lemma 2.4.3 iteratively, one sees that for any C and any ǫ there
is a t(C) such that two geodesic segments of length ≥ t(C) which are Hausdorff
distanceC apart areHausdorff distance ǫ apart on their middle third subsegments.
In particular, two bi–infinite geodesics which are a finite Hausdorff distance apart
are equal.
Lemma 2.4.4. Let Λ be a lamination of S1X , and let h : S
1
X → S
1
Y be a homeomorphism.
Suppose S1X and S
1
Y bound copies H
2
X ,H
2
Y of the hyperbolic plane, and let Λgeo, (h(Λ))geo
be the geodesic laminations determined by construction 2.1.4. Then h extends to a homeo-
morphism
H : H2X → H
2
Y
taking Λgeo to (h(Λ))geo.
See [17] for the proofs of these facts.
Notation 2.4.5. If X,Y are Hausdorff distance ≤ C apart in some third metric
space Z , we sometimes abbreviate this by saying X and Y are C close in Z , or just
C close if Z is understood.
3. THE THEORY OF ESSENTIAL LAMINATIONS
In this section we define taut foliations and essential laminations, and present
some of their fundamental theory and properties. None of the material in this sec-
tion is new, but it is presented here for the convenience of the reader. A good ref-
erence for the general theory of foliations is [14]. References for basic 3–manifold
topology are [34], [32] and [36].
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3.1. Taut foliations. A 2–dimensional foliation of a 3–manifold is a partition into
surfaces called leaveswhose local connected components have a product structure.
A foliation is orientable if the leaves can be oriented in a continuously varying
way. It is co–orientable if the transverse space can be oriented. By passing to a
cover of index at most 4, we can assume that our foliations are orientable and co–
orientable. Note that this implies that the ambient manifold is itself orientable.
Throughout this paper we assume that all our manifolds are orientable, and all
our foliations are orientable and co–orientable.
A basic atomic unit in the theory of foliations of 3–manifolds is the following:
Definition 3.1.1. Let H be the closed upper half space in R3 minus the origin. H
is foliated by its intersection with horizontal planes. Every leaf is either a plane
or a punctured plane. A nontrivial dilation φ centered at the origin preserves this
foliation of H , so it descends to a foliation of the quotient manifold S = H/〈φ〉
which is a solid torus. This foliation is called a Reeb component.
See figure 2 for a cutaway of half a Reeb component.
FIGURE 2. A Reeb component is a foliation of a solid torus by
planar leaves. Each leaf is like a sock which is swallowed by the
next sock.
Every closed 3–manifold admits a 2–dimensional foliation [39],[53] but such
foliations typically contain Reeb components. Notice that the boundary torus of
a Reeb component is compressible, by a compression lying entirely within the
component. Conversely, foliations with topologically essential leaves are much
harder to construct.
Definition 3.1.2. A 2–dimensional foliation F of a closed 3–manifoldM is taut if
no leaf is a sphere or projective plane, and there is a map φ : S1 → M which is
transverse to F , and which intersects every leaf.
The condition that F has no sphere or projective plane leaf is a convention to
rule out some very special cases. By the Reeb stability theorem [46] if F contains
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a sphere or projective plane leaf, then F is finitely covered by a product foliation
of S2 × S1 by leaves S2 × point.
The relationship between taut foliations and Reeb components is complemen-
tary, so that one has the following theorem, which is basically due to Novikov
[42]:
Theorem 3.1.3 (Novikov). A foliation F of an atoroidal 3–manifold M is taut iff it
contains no Reeb components.
Taut foliations have several distinct lives: a topological life, a dynamical life,
and a geometric life.
Firstly, they certify many useful topological properties ofM . For instance, there
is the following theorem which combines work of Palmeira [44] with earlier im-
portant work of Novikov [42] and Rosenberg [48].
Theorem 3.1.4 (Palmeira, Novikov, Rosenberg). LetM be a 3–manifold which admits
a taut foliation F . Then the universal cover M˜ is homeomorphic to R3, and the leaves of
F˜ are planes. Moreover, there is a foliation F of R2 by lines such that the pair (M˜, F˜ ) is
topologically equivalent to a product
(M˜, F˜ ) = (R2, F )× R
The leaf space of F˜ is just the quotient space of M˜ by the equivalence relation
whose equivalence classes are the leaves of F˜ . We denote this leaf space by L. It
follows from theorem 3.1.4 that the leaf space of F˜ is simply connected; on the
other hand, it is typically non–Hausdorff. It will become apparent, especially in
§ 5 that this non–Hausdorffness of L is fundamentally the source of much of the
structure that we develop, so one should not be too upset to encounter it. In any
case, the action of π1(M) on M˜ descends to an action on L by homeomorphisms.
Definition 3.1.5. We denote the representation inducing the action of π1(M) on L
by
ρhol : π1(M)→ Homeo(L)
and call this homomorphism the holonomy homomorphism.
Since many readers might not have considered the subject, we should say a
few words at this point about non–Hausdorff 1–manifolds. The kinds of non–
Hausdorff 1–manifolds we consider are obtained from countably many copies of
the open unit interval Ii by identifying open subsets in pairs. In this way, each Ii
embeds into the quotient space, and each point in the quotient space is contained
in the interior of an embedded interval. One may pass from L to its Hausdorffifi-
cation, which is just the maximal Hausdorff quotient, and is obtained from L by
inductively identifying pairs of points which are not contained in disjoint open
subsets; i.e. it is obtained by quotienting out the closed equivalence relation gen-
erated by the property of being nonseparated. The Hausdorffification of L is also
simply–connected, and is a more familar kind of object. It is homeomorphic to the
underlying topological space of an R–tree (although in fact, the underlying space
of an R–tree is more general, and is not typically assumed to be 2nd countable).
In practice, one reasons about L by thinking about this Hausdorff quotient, and
remembering that branch points of the quotient correspond to unseparable sets of
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points in L. The study of the action of π1(M) on L by the holonomy homomor-
phism falls into the domain of arboreal group theory. See [47] for an important
example of the kinds of results that may be obtained by such methods.
A co–orientation on F pulls back to a co–orientation on F˜ , and defines an
orientation on L. So the Hausdorff quotient should be thought of more as having
the structure of an oriented train track (i.e. there is a combing at the branch points
into positive and negative directions) than a tree.
Taut foliations can be classified in terms of the kind of branching exhibited by
the (Hausdorffified) leaf space L. If L is Hausdorff, equivalently if its Hausdorf-
fification does not branch at all, then of course it is homeomorphic to R. In this
case F is said to be R–covered. If L branches in only one direction (e.g. the posi-
tive direction), we say F has one sided branching, and otherwise we say F has two
sided branching. If F has one sided branching, then necessarily F is co–orientable.
In this paper we will concentrate on the case that F has two sided branching.
Analogous results in the case that F is R–covered or has one sided branching are
contained in [5] and [6] respectively. See figure 3 for an example of (part of) the
universal cover of a foliation with two–sided branching.
FIGURE 3. This foliation of a topological ball by planes exhibits
two–sided branching.
The orientation on L defines a partial order on L, as follows.
Definition 3.1.6. The canonical partial order on L is defined as follows. Let λ, µ be
leaves of F˜ If there is a positively oriented transversal to F˜ from λ to µ, then
µ > λ
Similarly, if there is a negatively oriented transversal, then λ > µ. Note that if
λ < µ and µ < λ then µ = λ, by theorem 3.1.4. If there is no transversal between µ
and λ, we say the leaves are incomparable.
Note that the co–orientation of F˜ lets us define unambiguously the positive and
negative sides of λ in M . Every leaf of F˜\λ is either on the positive or negative
side. Moreover, if µ > λ, then µ is on the positive side, and if µ < λ, then µ is on
the negative side, but not conversely. The reader should be careful to distinguish
between the two notions.
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Taut foliations equally well certify useful topological properties of surfaces. The
following theorem amalgamates a theorem of Thurston [54] and a (much harder)
theorem of Gabai [21]. Here χ(Σ) denotes the Euler characteristic
Theorem 3.1.7 (Gabai, Thurston). LetM be a compact connected irreducible orientable
3-manifold whose boundary ∂M is a (possibly empty) union of tori. A properly embedded
homologically essential surface Σ is a leaf of a taut foliation of M if and only if it mini-
mizes −χ(Σ) amongst all proper embedded surfaces with no spherical components in its
homology class.
Remark 3.1.8. Given a surface S in a manifoldM satisfying the hypotheses of the-
orem 3.1.7, the Thurston norm of S is defined to be the sum of −χ(Si) over all
non-spherical components Si of S. So this theoremmay be re-stated as saying that
a properly embedded surface without spherical components in a manifoldM (as
above) is a leaf of a taut foliation iff it is Thurston norm minimizing in its homol-
ogy class. The “if” direction is part of Theorem 5.5, page 445 from [21]; the “only
if” is part of Corollary 1, page 118 from [54].
The second life of a taut foliation is dynamical. There is a basic duality between
minimal surfaces and volume preserving transverse flows, which in its most rudi-
mentary form is just the min cut —max flow theorem from graph theory. The next
theorem of Sullivan [51], [52] makes this precise:
Theorem 3.1.9 (Sullivan). Let F be a co–orientable C2 foliation of M . The following
are equivalent:
(1) F is taut.
(2) F admits a volume preserving transverse flow for some volume form.
(3) There is a closed 2–form θ onM which is positive on TF .
(4) There is a Riemannian metric onM for which leaves ofF are (calibrated) minimal
surfaces.
If F is not C2, there is a combinatorial version of this theorem due to Hass,
based on an idea of Thurston [31]. We will not make use of the theorem of Sullivan
in this paper except as a suggestive analogy.
Finally, foliations reveal geometry of the underlying 3–manifold. One of the
main applications of this paper will be to show that the existence of a taut folia-
tion on a 3–manifold allows one to construct auxiliary objects which certify geo-
metric properties of M , for instance word hyperbolicity of π1(M). This will be
developed in detail in the sequel, and therefore we postpone a discussion until the
appropriate time.
3.2. Essential laminations. A 2–dimensional lamination of a 3–manifold is a de-
composition of a closed subset into surfaces, which come together locally in prod-
uct charts. The transverse structure to a lamination is not a manifold in general,
but rather an arbitrary (locally compact) space. The class of laminations which
most closely resemble taut foliations in their utility are essential laminations.
Essential laminations were introduced into 3–manifold topology in [28] as a si-
multaneous generalization of the concepts of taut foliations and of incompressible
surfaces. Taut foliations can be turned into (nowhere dense) essential laminations
in a more or less trivial way by blowing up leaves — i.e. by replacing a leaf with
a complementary I–bundle. Genuine laminations are those essential laminations
which do not arise from this construction. However, it was not until [25] that the
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usefulness of the concept of a genuine lamination was realized. Genuine lamina-
tions are characterized amongst essential laminations by the property that some
complementary region is not an I–bundle. Following [28] we make this precise.
Definition 3.2.1. The complement of a 2–dimensional laminationΛ of a 3–manifold
M falls into connected components called complementary regions. A lamination is
essential if it contains no spherical leaf or torus leaf bounding a solid torus, and fur-
thermore, if C is the metric completion of a complementary region (with respect
to the path metric onM ), then C is irreducible, and ∂C is both incompressible and
end incompressible in C. Here an end compressing disk is a properly embedded
D2 − (point in ∂D2) ⊂ C
which is not properly isotopic rel. ∂ in C to an embedding in a leaf.
FIGURE 4. An end compressing disk (boundary in red) is also
called an essential monogon.
Such an end compressing disk is also called an essential ideal monogon, or by
abuse of notation, an essential monogon. See figure 4 for the justification for this
terminology. Note: some authors prefer the term essential disk-with-end.
Another way of phrasing the conditions above are that there should be no
spherical leaf or torus leaf bounding a solid torus, and complementary regions
should contain no essential surfaces (possibly with boundary and/or ideal points)
of positive Euler characteristic. The missing point in the boundary of an end com-
pressing disk should be thought of as an ideal point. The Euler characteristic of
a polygon with ideal points can be calculated by doubling it: the double of an
(ideal) monogon is a punctured sphere, so a monogon has Euler characteristic 1/2.
An ideal bigon has Euler characteristic 0, an ideal triangle (a “trigon”) has Euler
characteristic−1/2 and so on.
A taut foliation is an example of an essential lamination. An incompressible
surface in an irreducible manifold is another example.
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A complementary region to a lamination decomposes into a compact gut piece
and non–compact interstitial regions which are I–bundles over non–compact sur-
faces. These interstitial regions are also referred to in the literature as interstitial
I–bundles and interstices. These pieces meet along interstitial annuli. Formally, the
interstitial regions make up the non–compact components of the characteristic I–
bundle of the complementary region (see [36]). For more details, see [25] or [28].
Definition 3.2.2. An essential lamination is genuine if some complementary region
has nonempty gut.
Said another way, an essential lamination is genuine if some complementary re-
gion contains some essential surface (possibly with boundary and/or ideal points)
of negative Euler characteristic.
The leaf space of Λ˜ is in general an order tree. Following [28], an order tree can
be defined as follows.
Definition 3.2.3. An order tree is a set T together with a collection S of linearly or-
dered subsets called segments, each with distinct least and greatest elements called
the initial and final ends. If σ is a segment, −σ denotes the same subset with the
reverse order, and is called the inverse of σ. The following conditions should be
satisfied:
(1) If σ ∈ S then −σ ∈ S
(2) Any closed subinterval of a segment is a segment (if it has more than one
element)
(3) Any two elements of T can be joined by a finite sequence of segments σi
with the final end of σi equal to the initial end of σi+1
(4) Given a cyclic word σ0σ1 · · ·σk−1 (subscripts mod k) with the final end of
σi equal to the initial end of σi+1, there is a subdivision of the σi yielding
a cyclic word ρ0ρ1 · · · ρn−1 which becomes the trivial word when adjacent
inverse segments are cancelled
(5) If σ1 and σ2 are segments whose intersection is a single element which is
the final element of σ1 and the initial element of σ2 then σ1∪σ2 is a segment
If all the segments are homeomorphic to subintervals of R with their order topol-
ogy, then T is an R–order tree.
An order tree is topologized by the usual order topology on segments. Order
trees are not typically Hausdorff, but even if they are, there are many more possi-
bilities than arise in the case of a foliation.
Definition 3.2.4. An essential lamination Λ is tight if the leaf space of the universal
cover Λ˜ is Hausdorff.
It follows that a taut foliation is tight iff it is R–covered. Equivalently, a lami-
nation Λ is tight if every arc α inM is homotopic rel. endpoints to an efficient arc
which is either transverse or tangent to Λ. Here an arc α is efficient if it does not
contain a subarc β whose interior is disjoint from Λ, and which cobounds with an
arc β′ in a leaf of Λ a disk whose interior is disjoint from Λ.
If Λ has no isolated leaves, then the associated order tree of Λ˜ is actually an
R–order tree. Any lamination can be transformed into one without isolated leaves
by blowing up isolated leaves to foliated interval bundles. It follows that we can
always consider R–order trees for our applications.
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Moreover, if Λ is tight, a HausdorffR–order tree is just the underlying topologi-
cal space of anR–tree. We refer to such a space as a topologicalR–tree to emphasize
that the metric is not important. Finally, if Λ is a tight 1–dimensional lamination
of a surface, so that Λ˜ is a tight 1–dimensional lamination of the plane, then the
associated order tree T comes with a natural planar embedding, dual to Λ˜. See
[24] for more details.
Whether or not a lamination Λ is tight, the following is true:
Lemma 3.2.5. Let Λ be an essential lamination of a closed 3–manifold M , and give M
an arbitrary Riemannian metric. Then there is an ǫ > 0 such that every leaf λ of Λ˜ is
quasi–isometrically embedded in its ǫ–neighborhood, and no two incomparable leaves λ, µ
of Λ˜ contain points which are closer than ǫ in M˜ .
This lemma is an easy consequence of the compactness of M and the defining
property of laminations, that they have local product charts. See [8] for a proof.
Such an ǫ is called a separation constant for Λ.
Genuine laminations certify important properties of the ambient manifold M .
The existence of the interstitial annuli gives a canonical collection of knots in M
with important properties. Using these annuli, Gabai and Kazez prove the fol-
lowing in [26] and [27]. For the definition of word–hyperbolicity of a group, see
[30].
Theorem 3.2.6 (Gabai–Kazez [26] Word hyperbolicity). Let M be an atoroidal 3–
manifold containing a genuine lamination Λ. Then π1(M) is word–hyperbolic in the
sense of Gromov.
Theorem 3.2.7 (Gabai–Kazez [27] Finite MCG). Let M be an atoroidal 3–manifold
containing a genuine lamination Λ. Then the mapping class group ofM is finite.
Laminations come in all degrees of smoothness. Moreover, it is important to
distinguish between the smoothness of leaves and the smoothness of the transverse
space. For some applications in this paper, it will be important for our laminations
to be leafwise smooth. Fortunately, the situation for 2–dimensional laminations in
3–manifolds is as simple as it could be. The main theorem of [7] is the following:
Theorem 3.2.8. Let Λ be a 2–dimensional lamination in a smooth 3–manifoldM . Then
Λ is isotopic to a lamination with smoothly immersed leaves.
Remark 3.2.9. 2–dimensional laminations are also sometimes referred to informally
as surface laminations.
Amongst all genuine laminations, some are more useful than others. IfM is not
Haken, then [33] show that the gut regions are all homeomorphic to handlebodies.
They call such laminations full, where the terminology is meant to imply that the
complementary regions contain no closed incompressible surface. Specializing
further, we have the following.
Definition 3.2.10. A genuine lamination is very full if all complementary regions
are finite sided ideal polygon bundles over S1.
The relationship between the topology of the guts and the topology of the com-
plementary regions is not straightforward in general. However, in the case of a
lamination with solid torus guts, the following lemma is proved in [8]:
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Lemma 3.2.11 (Calegari–Dunfield [8] Filling Lemma). Let Λ be a genuine lamination
of a closed 3–manifoldM with solid torus guts. Then Λ is a sublamination of a very full
genuine lamination Λ. Moreover, if Λ is tight, so is Λ.
Very full genuine laminations are particularly nice. There is the following theo-
rem of Gabai and Kazez from [25]:
Theorem 3.2.12 (Gabai–Kazez). LetM be a 3–manifold with a very full genuine lami-
nation Λ. Then any self–homeomorphism ofM homotopic to the identity is isotopic to the
identity.
Tight very full genuine laminations have another application, more central to
the theme of this paper. In [8] Calegari and Dunfield show that they give rise to
a universal circle, as alluded to in § 1. In this paper, the very full genuine lamina-
tions we produce, although not necessarily tight, already come with the data of a
universal circle, so the construction in [8] is superfluous for our purposes.
3.3. Candel’s uniformization theorem. The classical uniformization theorem says
that every Riemann surface is conformally equivalent to a surface with a complete
metric of constant curvature 1, 0 or −1. Such a conformal equivalence is called a
uniformizing map. If the curvature of the metric is negative, then the surface is said
to be of hyperbolic type, and the metric is unique.
Riemann surface laminations can be uniformized leafwise; an important ques-
tion is to determine when these choices of uniformizing maps are all of the same
type, and can be chosen in a continuously varying way.
For Riemann surfaces with all leaves hyperbolic, the complete answer is given
by a theorem of Candel [12]:
Theorem 3.3.1 (Candel [12] Uniformization for hyperbolic laminations). Let Λ be a
2–dimensional lamination with a leafwise Riemannian metric such that every leaf is of hy-
perbolic type. Then the leafwise constant curvature hyperbolic metric determined uniquely
by the conformal structure of the leaves of Λ varies continuously in the transverse direc-
tion.
Let M be an atoroidal 3–manifold, and Λ an essential lamination. Then the
leaves of Λ are all of hyperbolic type (see e.g. [5]) and therefore Candel’s theorem
applies. If Λ is an essential surface lamination with smooth leaves, then there is
a C0 Riemannian metric onM (i.e. a continuous section of the bundle of positive
definite symmetric 2–tensors) which restricts on each leaf to a Riemannian metric
of constant curvature −1. In general, if Λ is transversely Cn, then the Riemannian
metric onM can be chosen to be Cn.
Using Candel’s theorem, we can define the circle bundle at infinity of an essential
lamination.
Definition 3.3.2. Let Λ be an essential lamination ofM , and let L be the leaf space
of Λ˜. Uniformize Λ by theorem 3.3.1, so that every leaf of Λ˜ is isometric to H2.
For each leaf λ of Λ˜, let S1∞(λ) denote the ideal boundary of λ with respect to
this metric. The endpoint map
e : UTpλ→ S
1
∞(λ)
takes a unit vector v in λ at p to the endpoint at infinity of the geodesic ray γv ⊂ λ
which emanates from p, and satisfies γ′v(0) = v.
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Definition 3.3.3. Let Λ be an essential lamination ofM , and let L be the leaf space
of the pulled back lamination in the universal cover Λ˜. Uniformize Λ by theo-
rem 3.3.1, so that every leaf of Λ˜ is isometric to H2. For each leaf λ of Λ˜, let S1∞(λ)
denote the circle at infinity of λ, under its isometric identification with H2. The
circle bundle at infinity is the topological space whose underlying set is the disjoint
union
E∞ =
⋃
λ∈L
S1∞(λ)
and with the smallest topology so that the endpoint map
e : UT Λ˜→ E∞
is continuous.
With this topology, E∞ is a circle bundle over L, whose fiber over each λ ∈ L is
S1∞(λ).
Note that by Candel’s theorem 3.3.1, for every efficient transversal τ to Λ˜, the
restriction
e : UT Λ˜|τ → E∞|τ
is a homeomorphism.
3.4. Minimal sets. Given a lamination Λ a minimal set is a sublamination, defined
as follows:
Definition 3.4.1. Let Λ be a lamination of a compact manifold. Aminimal set Λm ⊂
Λ is a subset of Λ which is minimal with respect to inclusion, and satisfies the
following properties:
(1) Λm is nonempty.
(2) Λm is saturated. That is, it is a union of leaves of Λ.
(3) Λm is closed.
Minimal sets always exist. In fact, a nonempty sublamination Λm is minimal
iff every leaf is dense. A lamination which does not satisfy this property contains
some leaf λ which is not dense; the closure of λ is a smaller sublamination. By
transfinite induction, the closure of every leaf contains a minimal set. Note that
this construction uses the axiom of choice.
Let F be a taut foliation of M . If F is not minimal, by the definition of essen-
tiality, every minimal set Λ is an essential lamination. Such a lamination is either
genuine, or else all complementary regions are products. In this case, either Λ is a
single fiber of a fibration ofM over S1, or else such complementary regions can be
collapsed to give a new taut foliation F ′ ofM which is minimal.
This collapsing procedure is the converse of the operation of blowing–up orDen-
joying a leaf. A thorough discussion is contained in [14], so we do not elaborate
here. We summarize the discussion above in the following lemma:
Lemma 3.4.2. Let F be a taut foliation of a 3–manifold M . Then either F contains a
genuine sublamination, or a fiber of a fibration over S1, or elseM contains a taut foliation
F ′ with every leaf dense.
4. UNIVERSAL CIRCLES FOR TAUT FOLIATIONS
In this sectionwe define a universal circle for a taut foliation, and give an outline
of the construction of a universal circle in [8].
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4.1. Definition of a universal circle.
Definition 4.1.1. LetF be a taut foliation of an atoroidal 3–manifoldM . A univer-
sal circle for F is a circle S1univ together with the following data:
(1) There is a faithful representation
ρuniv : π1(M)→ Homeo
+(S1univ)
(2) For every leaf λ of F˜ there is a monotone map
φλ : S
1
univ → S
1
∞(λ)
Moreover, the map
φ : S1univ × L→ E∞
defined by φ(·, λ) = φλ(·) is continuous. That is, (E∞, L, φ) is a monotone
family.
(3) For every leaf λ of F˜ and every α ∈ π1(M) the following diagram com-
mutes:
S1univ
ρuniv(α)
−−−−−→ S1univ
φλ
y φα(λ)
y
S1∞(λ)
α
−−−−→ S1∞(α(λ))
(4) If λ and µ are incomparable leaves of F˜ then the core of λ is contained in
the closure of a single gap of µ and vice versa.
Theorem 4.1.2 (Thurston, Calegari–Dunfield [8] Universal circles for foliations).
Let F be a co–oriented taut foliation of an atoroidal, oriented 3–manifoldM . Then there
is a universal circle for F .
In section § 5, we will see how the axiomatic definition of a universal circle lets
us construct transverse very full genuine laminations. However, to analyze the
properties of these laminations in more detail, we need to know more about the
construction of the universal circle.
4.2. Markers.
Definition 4.2.1. Let Λ be an essential lamination ofM with hyperbolic leaves. A
marker for Λ is a map
m : I × R+ → M˜
with the following properties:
(1) There is a closed set K ⊂ I such that for each k ∈ K , the image of k × R+
in M˜ is a geodesic ray in a leaf of Λ˜. Further, for k ∈ I\K ,
m(k × R+) ⊂ M˜\Λ˜
We call these rays the horizontal rays of the marker.
(2) For each t ∈ R+, the intervalm(I × t) is a tight transversal. Further, there
is a separation constant ǫ for Λ, such that
length(m(I × t)) < ǫ/3
We call these intervals the vertical intervals of the marker.
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For a marker m, a horizontal ray m(k × R+) in a leaf λ of Λ˜ is asymptotic to
a unique point in S1∞(λ), which we call the endpoint of m(k × R
+). By abuse of
notation, we call the union of such endpoints, as k varies over K , the endpoints of
the markerm.
If F is a foliation, thenK = I for each markerm, and the set of endpoints ofm
define an embedded interval in E∞ transverse to the foliation by circles.
Markers are related to, and arise in practice from sawblades, defined as follows:
Definition 4.2.2. Let Λ be an essential lamination of M with hyperbolic leaves.
An ǫ–sawblade for F is an embedded polygonal surface P ⊂ M obtained from a
square by gluing the right hand edge to a subset of the left hand edge in such away
that the lowermost vertices are identified. In co–ordinates: if we parameterize the
square as [0, 1]× [0, 1] and denote the image of P as P ([0, 1], [0, 1]), then under the
identification, P (1, [0, 1]) gets identified with a subset P (0, [0, t]) with 0 < t ≤ 1.
Moreover, P must satisfy the following properties:
(1) There is a closed subset K ⊂ I including the endpoints of I , such that for
each t ∈ K , the subset P ([0, 1], t) ⊂ F is a geodesic arc in a leaf λt of Λ.
For t = 0, the subset P ([0, 1], 0) ⊂ F closed up to a geodesic loop γ ⊂ λ0.
(2) For each t ∈ [0, 1], the subset P (t, [0, 1]) is an embedded, tight transversal
to Λ of length ≤ ǫ. The transversal P (1, [0, 1]) is contained in the image
of P (0, [0, 1]), and the corresponding geodesic segments P ([0, 1], t1) and
P ([0, 1], t2), where P (1, t1) = P (0, t2) for t1 ∈ K , join up to a geodesic seg-
ment in the corresponding leaf of Λ; i.e. there is no corner along P (0, [0, 1]).
If ǫ is understood, we just say a sawblade. Note that holonomy transport of
the transversal P (0, [0, 1]) around γ induces an embedding K → K taking one
endpoint to itself. Here γ is oriented compatibly with the usual orientation on I =
[0, 1]. We call the positive direction on γ the contracting direction for the sawblade,
and the negative direction the expanding direction.
We show how to construct a marker from a sawblade.
Construction 4.2.3. LetP be a sawblade, and let P˜ be a component of the preimage
in M˜ . P˜ is the universal cover of P , and the deck group of the cover is π1(P ) = Z,
generated by the closed geodesic γ as in definition 4.2.2.
Let τ be a lift of P (0, I), and let K ⊂ I be as in definition 4.2.2. Parameterize
τ as τ(t) where τ(t) corresponds to the lift of P (0, t). Then for each k ∈ K , let λk
denote the leaf of Λ˜ containing τ(k). By the second property of a sawblade, the
intersection λk ∩ P˜ contains an entire geodesic ray starting from τ(k). Together
with complementary strips of P˜ , the union of these rays are a marker for Λ.
Notice that the union of the markers constructed in construction 4.2.3, over all
lifts τ of P (0, I), is exactly the preimage P˜ .
By abuse of notation, we refer to the union of the endpoints of the markers
associated to P˜ in construction 4.2.3 as the endpoints of P˜ .
Every closed geodesic γ contained in a non–simply connected leaf λ of Λ is the
boundary geodesic of some ǫ–sawblade, for any positive ǫ. If M is a closed 3–
manifold containing an essential lamination Λ with every leaf simply connected,
thenM is T 3 (see [37] for an elegant proof). It follows that ifM is atoroidal, many
sawblades can be constructed.
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Let P be a sawblade, and suppose Λ is minimal. Then there is a uniform con-
stant C such that for every leaf λ of Λ˜, and for every point p ∈ λ, there is a point
q ∈ λwithin distance C in the path metric on λ, such that q is contained in a lift of
P . It follows that q is contained in a marker, and there is a geodesic ray r through
q such that holonomy transport of a suffiently short transversal τ(q) through q
along r keeps the length of the transversal smaller than ǫ/3 for all time. It is not
hard from this to conclude the following lemma, proved in §5.6 of [8]:
Lemma 4.2.4 (Calegari–Dunfield). LetΛ be a minimal essential lamination of an atoroidal
3–manifoldM , and let P be an ǫ–sawblade for Λ. Then the set of endpoints of lifts P˜ of P
is dense in S1∞(λ) for every leaf λ of Λ˜.
From this lemma, it is not hard to conclude the following theorem, called the
Leaf Pocket Theorem:
Theorem 4.2.5 (Calegari–Dunfield [8] Leaf Pocket theorem). Let Λ be an essential
lamination on an atoroidal 3–manifoldM . Then for every leaf λ of Λ˜, and every ǫ > 0, the
set of endpoints of ǫ–markers is dense in S1∞(λ).
As explained above, eachmarkerM defines by the endpointmap, an embedded
interval e(M) ⊂ E∞ transverse to the foliation by circles.
The following lemma is a restatement of lemma 6.11 in [8]:
Lemma 4.2.6 (Calegari–Dunfield). Let e(m1), e(m2) be two endpoint intervals of mark-
ers m1,m2. Then these intervals are either disjoint, or else their union is an embedded,
ordered interval transverse to the foliation of E∞ by circles.
It follows that distinct markers whose endpoints intersect can be amalgamated,
and the unions give a π1(M)–invariant family of disjoint, embedded intervals in
E∞ transverse to the foliation by circles. We denote this family of intervals by M ,
and denote a typical element of M bym, ormi for some index i.
4.3. Special sections. In this section we indicate how to go from theorem 4.2.5 to
a proof of theorem 4.1.2.
Definition 4.3.1. Let p ∈ S1univ. The special section associated to p is a section
σp : L→ E∞
defined by
σp(λ) = φλ(p)
The strategy in [8] in constructing S1univ is to construct sufficiently many non–
crossing sections L → E∞, show that there is a natural π1(M)–invariant circular
ordering on this set S of sections, and define S1univ to be the order completion of
S .
For each leaf λ of F˜ , and each point p ∈ S1∞(λ), we construct a section sp : L→
E∞ satisfying
sp(λ) = p
The combinatorics of the construction are somewhat complicated, and involve
careful attention to orientations of transversals and circles in the oriented circle
bundle E∞.
Some simple cases, which nevertheless give an idea of what is going on, are
illustrated in § 4.4. We suggest that the reader unfamiliar with [8] go back and forth
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between that subsection and this, in order to get a clear idea of our conventions.
Of course, for details, consult [8].
Definition 4.3.2. Let I ⊂ L be an embedded interval. A section τ : I → E∞|I is
admissible if its image does not cross any elementm ∈ M transversely.
Now suppose I is an oriented interval in L, and let λt with t ∈ I denote the
corresponding leaves of F˜ . Given p ∈ S1∞(λt), a section τ : I → E∞|I with
τ(0) = p is leftmost if it is never to the right of any other admissible section τ ′ with
τ ′(0) = p.
Here the orientation on the interval I and on the cylinder E∞|I determine the
meaning of the “left” and “right” sides of τ(I) and τ ′(I). Note that if the orienta-
tion on I is reversed, then the left and right sides are reversed too.
Since they agree in S1∞(λ0), where they first start to diverge, it makes sense to
say that τ(I) stays to the left of τ ′(I), and it makes sense to say that thereafter τ(I)
never crosses τ ′(I) from the left side. That is, if t is a local maximum for the subset
of I for which τ(t) = τ ′(t), then for all s > twith s− t sufficiently small, τ(s)must
be to the left of τ ′(s).
Notice that if the orientation on I agrees with the orientation on L coming from
the co–orientation of F , then leftmost admissible sections over I are clockwisemost.
Conversely, if the orientation on I disagrees with the orientation on L, then left-
most admissible sections over I are anticlockwisemost.
Now, let l ⊂ L be a properly embedded copy of R, intersecting λ, and let p ∈
S1∞(λ). l\p consists of two rays l
±. Give l+ the usual orientation, agreeing with
the order structure on L, but reverse the orientation on l−, so that it points in
the negative direction. Then define sp|l± to be leftmost admissible section with
sp(λ) = p. Notice that sp|l+ is clockwisemost and sp|l− is anticlockwisemost amongst
admissible sections, with respect to the global order structure on L and E∞.
This defines the section sp over the union of leaves which are comparable with
λ. Now, suppose µ1, µ2 are two leaves such that µ1 < λ, and with the additional
property that there is a 1–parameter family of leaves νt with t ∈ [0, 1), such that
νt < νs for t < s, and both µ1 and µ2 are positive limits (in L) of νt as t→ 1.
Consider the union of the intervals m1i,m2i in M which intersect S
1
∞(µ1) and
S1∞(µ2) respectively. As t → 1, more and more of the m1i,m2i intersect S
1
∞(νt).
Since they are disjoint, they inherit a circular ordering as follows: if a, b, c are three
such elements of M , then there is a t such that all three intersect S1∞(νt). Then the
cyclic order on a, b, c is just the cyclic order of the intersections a, b, c ∩ S1∞(νt).
Moreover, it is not hard to show that for any choice of m11,m12 and m21,m22,
the two unordered pairs cannot link in any S1∞(νt), and therefore all the m1i are
contained in a “gap” of the circularly ordered set ofm2j . Since them2j are dense in
S1∞(µ2), this gap defines a unique point q ∈ S
1
∞(µ2). We can now define sp(µ2) =
q. We call this the method of turning corners, since it shows how to continue a
leftmost section sp across nonseparated leaves in L.
Since L is simply connected, the Hausdorffification is a (topological) R–tree T .
Given a point λ ∈ L, there is a unique embedded segment in T from λ to any other
point. Back in L, this defines a sequence of leaves
λ = λ0, λ1, λ2, . . . , λn = µ
for every pair λ, µ, where λ2i and λ2i+1 are comparable, and λ2i−1 and λ2i are
incomparable and nonseparated.
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We define sp inductively, by leftmost sections over the oriented subintervals
[λ2iλ2i+1] of L, and by the method of turning corners to go from the section at
λ2i−1 to the section at λ2i. Notice, in fact, that the value of sp(λ2i) does not depend
at all on the values of sp on λj with j < 2i, and depends only on the leaf λ2i−1.
We let S denote the union of all the special sections sp as above, as p ranges
over E∞, and we identify sp and sq if they define the same section L→ E∞.
For each leaf λ of F˜ , let S (λ) denote the set of special sections sp where p ∈
S1∞(λ).
Finally, in lemma 6.25 of [8] it is shown that the set S of sections sp as above is
naturally circularly ordered. It follows that we can take the order completion S ,
which is homeomorphic with the order topology to a closed subset of a circle. By
collapsing the complementary gaps in this image, we get a universal circle, which
we call S1univ. That is, we have
S → S → S1univ
where the first map is an inclusion, and the second is a surjection. Notice that
the map S → S1univ is at most 2–1, and is 1–1 away from countably many points.
It follows that the natural inclusion S (λ) → S extends to an inclusion S (λ) →
S1univ.
The map φλ is defined on sp ∈ S1univ by
φλ(sp) = sp(λ)
and these maps are collated, by varying over λ ∈ L, to φ. It is clear that φ :
S1univ × L → E∞ defined in this way is continuous, and that φλ is monotone for
each λ.
Moreover, it is clear that the natural action of π1(M) on E∞ induces an action
on S preserving the circular order, and therefore induces a representation
ρuniv : π1(M)→ Homeo
+(S1univ)
4.4. Examples of universal circles. In this subsection we give some idea of the
combinatorics of universal circles.
Example 4.4.1 (Linear segment). Let I ⊂ L be a closed interval, with lowest leaf
λ and highest leaf λ′. Leftmost trajectories can run into each other, but not cross.
A leftmost ascending trajectory can coalesce with a leftmost descending trajectory.
The set of special sections give the cylinderE∞|I the structure of a (1–dimensional)
branched lamination; see definition 5.3.2 for a general definition.
In the universal circle, the set of special sections which intersect λ at x and λ′ at
x′ is an interval, running positively from sx to sx′ .
Here is another way to see the circular order on special sections in I . Lift to
the universal cover of the cylinder E∞|I . Each special section lifts to Z copies in
the cover. In the cover, two sections sy, sz satisfy sy < sz iff there is a nontrivial
positive transversal from sy to sz . This defines a total order upstairs, which is
evidently order isomorphic to R. The action of the deck group on the cover of the
cylinder induces an action on the ordered set of lifts of special sections, inducing
a circular order on their quotient.
Example 4.4.2 (Nonseparated leaves). The next example incorporates positive branch-
ing. Let λ, µ be two incomparable leaves which are nonseparated, and such that
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x
x′
sx sx′
FIGURE 5. The special sections might coalesce, but they don’t cross.
there is a 1–parameter family of leaves νt with t ∈ [0, 1), satisfying νt < λ, µ for all
t, and converging to both λ and µ as t→ 1.
Every marker which intersects λ or µwill intersect νt, for sufficiently large t. As
described in the previous subsection, this induces a circular order on the union of
a dense subset of S1∞(λ) and S
1
∞(µ), and by comparing special sections in S
1
∞(νt)
for sufficiently large t, these can be completed to a circular order on the disjoint
union of all special sections sx where
x ∈ S1∞(λ) ∪ S
1
∞(µ)
In this circularly ordered set the set of special sections sx with x ∈ S1∞(λ) is a
half–open interval, containing a (locally) clockwisemost point, but not a (locally)
anticlockwisemost point, and similarly for the sy with y ∈ S1∞(µ).
Notice that if λ, µ were nonseparated, but the approximating sequence νt satis-
fied νt > λ, µ then the half–open intervals of special sections would contain (lo-
cally) anticlockwisemost points instead.
µ λ
νt
sy
sx
FIGURE 6. The special sections coming from each of the two non-
separated leaves determine a half–open interval in the circular or-
der on the union. Here, the point x is in S1∞(λ), and the point y is
in S1∞(µ).
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Example 4.4.3 (More branching). The next example includes both positive and neg-
ative branching. In this case, we have nonseparating leavesµ, λ exhibiting positive
branching, nonseparating leaves ν, λ′ exhibiting negative branching, where λ′ > λ.
Let x ∈ S1∞(λ) be the point determining the locally clockwisemost segment sx in
the previous example, and let x′ be the corresponding point (determining the lo-
cally anticlockwisemost segment) in S1∞(λ
′).
There are two topologically distinct cases to consider: in the first, the special
sections sx and sx′ do not agree on the entire interval [λ, λ
′], although they might
agree on some closed subset of this interval, which might include either or both
of the endpoints. In the second, the sections sx, sx′ do agree on the entire interval,
and therefore agree on all of E∞.
These examples contain all the necessary information to show how to go from
a finite union K of ordered subsegments in L, whose image in the Hausdorffifica-
tion of L is connected, to a circle S1(K)which realizes the circular order on the set
of special sections associated to points in leaves λ inK . By following the model of
example 4.4.2, one can amalgamate the circles associated to a pair of ordered seg-
ments whose endpoints are nonseparated. Given Ki,Kj disjoint, finite connected
unions, we get circles S1(Ki) and S
1(Kj); if Ki and Kj contain a pair of nonsepa-
rated leaves, we can follow example 4.4.2 to amalgamate S1(Kj) and S
1(Ki) into
S1(Ki ∪Kj), completing the induction step. One must verify that the result does
not depend on the order in which one constructs K from ordered subsegments;
implicitly, this is a statement about the commutativity of the amalgamating opera-
tion in example 4.4.2. This commutativity is evident even in example 4.4.3, where
one may choose to amalgamate the segment [λ, λ′] with µ first and then ν, or the
other way around.
λ
λ′
µ
ν
sx s
′
x
sy sz
sx = sx′
sy sz
case 1:
case 2:
FIGURE 7. In case 1, sx and sx′ differ somewhere on E∞|[λ,λ]. In
case 2, they are equal on all of E∞.
4.5. Special sections and cores. Recall the notation S (λ) to denote the set of spe-
cial sections associated to points x ∈ S1∞(λ). In this subsection we describe the
relationship between S (λ) and the core of φλ.
Lemma 4.5.1. Let λ be a leaf of F˜ . Then core(φλ) is contained in the closure S (λ) ⊂
S1univ, and the difference S (λ)\core(φλ) consists of at most countably many isolated
points, at most one in each gap of φλ.
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Proof. Given p, q ∈ core(φλ), either p and q are the boundary points of the closure
of some gap, or else φλ(p) 6= φλ(q), and therefore there are p′, q′ ∈ S (λ) which
link p, q. It follows that every accumulation point of core(φλ) is an accumulation
point of S (λ). Since core(φλ) is perfect, it follows that core(φλ) ⊂ S (λ).
Conversely, given p, q ∈ S1∞(λ) distinct points, we have φλ(p) = p 6= q = φλ(q),
and therefore there are points p′, q′ ∈ core(λ) which link p, q. In particular, p and q
are not both in the same gap region of φλ, and therefore there is at most one such
point in each gap. Since φλ has only countably many gaps, the lemma follows. 
An example where S (λ)\core(φλ) might contain isolated points is illustrated
in figure 7.
Now, if λ and µ are incomparable leaves, then φµ(S (λ)) is a single point of
S1∞(µ), and similarly for φλ(S (µ)). Since φλ is 1–1 on S (λ), it follows that S (λ)
and S (µ) are not linked as subsets of S1univ, and therefore the same is true of
core(φλ) and core(φµ), by lemma 4.5.1. This is the last defining property of a uni-
versal circle, and completes the sketch of the argument of theorem 4.1.2.
5. CONSTRUCTING INVARIANT LAMINATIONS
This section contains the first important new results in this paper. Given a taut
foliation F of an atoroidal 3–manifoldM , we construct a pair of essential lamina-
tions Λ±split ofM transverse to F and describe their properties.
5.1. Minimal quotients. New universal circles can be obtained from old in an un-
interesting way: given a point p ∈ S1univ, we can blow up the orbit of p to obtain a
new universal circle S1univ and a monotone map to S
1
univ whose gaps are the interi-
ors of the preimages of the points in the orbit of p.
These blown up universal circles have the property that there are distinct points
p, q ∈ S1univ whose images are identified under everymap φλ. We make the follow-
ing definition:
Definition 5.1.1. A universal circle is minimal if for any distinct p, q ∈ S1univ there
is some λ such that φλ(p) 6= φλ(q).
In the next lemma, we show that any universal circle which is not minimal is
obtained from a minimal universal circle by blow up.
Lemma 5.1.2. Let S1univ be a universal circle for F . Then there is a minimal universal
circle S1m for F with monotone maps φ
m
λ : S
1
m → S
1
∞(λ) and a monotone map m :
S1univ → S
1
m such that for all λ ∈ L
φmλ ◦m = φλ
Proof. If S1univ is not minimal, define an equivalence relation on S
1
univ by p ∼ q if
φλ(p) = φλ(q) for all λ ∈ L. Let γp ⊂ S1univ be the interiors of the two closed arcs
from two such distinct p, q with p ∼ q. Then for each λ ∈ L, either γ+ is contained
in a single gap of φλ, or γ
− is. Moreover, if both γ− and γ+ were contained in gaps
of φλ, the map φλ would be constant, which is absurd.
Now, by lemma 2.2.6, closures of gaps of φλ vary upper semicontinuously as a
function of λ ∈ L. It follows that the subset of λ ∈ L for which γ+ is contained in
a gap of φλ is closed, and similarly for γ
−. But L is path connected, so either γ+ is
contained in a gap of φλ for every λ, or γ
− is.
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It follows that the equivalence classes of ∼ are a ρuniv(π1(M))–equivariant col-
lection of closed disjoint intervals of S1univ, and single points, and therefore the
quotient space of S1univ by this decomposition defines a new circle with a π1(M)
action induced by the quotient map
m : S1univ → S
1
m
By construction, for each λ ∈ L the equivalence relation on S1univ defined by φλ
is coarser than the equivalence relation defined by m, and therefore φλ factors
throughm to a unique map φmλ : S
1
m → S
1
∞(λ) satisfying
φλ = φ
m
λ ◦m

Note that the construction of a universal circle in § 4 produces a minimal circle.
5.2. Laminations of S1univ. The main purpose of this section is to prove that a min-
imal universal circle for a taut foliation with 2–sided branching admits a pair of
nonempty laminations Λ±univ which are preserved by the action of π1(M), acting
via the representation ρuniv.
Construction 5.2.1. Let λ ∈ L. Let L+(λ), L−(λ) denote the two connected com-
ponents of L\λ, where the labelling is such that L+(λ) consists of the leaves on the
positive side of λ, and L−(λ) consists of the leaves on the negative side.
Recall that forX ⊂ L, the set core(X) denotes the union, over λ ∈ X , of the sets
core(φλ). As in construction 2.1.8 we can associate to the subset core(X) the lam-
ination of H2 which is the boundary of the convex hull of the closure of core(X),
and thereby construct the corresponding lamination Λ(core(X)) of S1.
Then define
Λ+(λ) = Λ(core(L+(λ)))
and
Λ+univ =
⋃
λ∈L
Λ+(λ)
and similarly for Λ−(λ) and Λ−univ, where the closure is taken in the space of un-
ordered pairs of distinct points in S1univ.
Observe the following property of Λ+(λ).
Lemma 5.2.2. Let λ, µ be leaves of F˜ . Then φµ(Λ
+(λ)) is trivial unless µ < λ.
Proof. If µ ∈ L+(λ) then by definition, core(µ) ⊂ core(L+(λ)) and therefore every
leaf of Λ+(λ) is contained in the closure of a gap of µ. If µ ∈ L−(λ) but µ is
incomparable with λ, then µ is incomparable with every element of L+(λ), and
therefore by theorem 2.2.8, core(L+(λ)) is contained in the closure of a single gap
of µ, and therefore φµ(Λ
+(λ)) is trivial in this case too. 
We are now ready to establish the key property of Λ±univ: that they are laminations
of S1univ.
Theorem 5.2.3. Let F be a taut foliation of an atoroidal 3–manifoldM , and let S1univ be
a minimal universal circle for F . Then Λ±univ are laminations of S
1
univ which are preserved
by the natural action of π1(M). Furthermore, if L branches in the positive direction, then
Λ+univ is nonempty, and if L branches in the negative direction, then Λ
−
univ is.
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Proof. We first show that no leaf of Λ+(λ) links any leaf of Λ+(µ), for µ, λ ∈ L.
There are three cases to consider
Case (i): λ ∈ L−(µ) and µ ∈ L−(λ)
In this case, L+(λ) and L+(µ) are disjoint, and moreover they are incomparable.
That is, for every ν1 ∈ L
+(λ) and ν2 ∈ L
+(µ) the leaves ν1 and ν2 are incompara-
ble. It follows from the definition of a universal circle that for all such pairs, the
core of φν1 is contained in the closure of a single gap of φν2 , and vice versa. Since
L+(λ) and L+(µ) are path connected, theorem 2.2.8 implies that core(L+(µ)) and
core(L+(λ)) are unlinked. It follows that no leaf of Λ+(λ) links any leaf of Λ+(µ),
as claimed.
Case (ii): λ ∈ L−(µ) and µ ∈ L+(λ)
In this case, we have L+(λ) ⊂ L+(µ) and therefore
core(L+(λ)) ⊂ core(L+(µ))
so the claim is proved in this case too.
Case (iii): λ ∈ L+(µ) and µ ∈ L+(λ)
In this case, observe that L−(λ) ⊂ L+(µ) and L−(µ) ⊂ L+(λ), and therefore
L = L+(µ) ∪ L+(λ)
Since S1univ is minimal, every point in S
1
univ is a limit of a sequence of points in
core(φλi) for some sequence λi. It follows that core(L) is all of S
1
univ, and therefore
core(L+(λ)) ∪ core(L+(µ)) = S1univ.
Now, if two subsets X,Y ⊂ S1 satisfy X ∪ Y = S1, then the boundaries of the
convex hulls of X and Y do not cross in H2. For, if l,m are boundary geodesics of
H(X) and H(Y ) respectively which cross in H2, then l,m both bound open half
spaces l+,m+ which are disjoint from H(X) and H(Y ) respectively. Moreover,
since l,m are transverse, the intersection l+ ∩ m+ contains an open sector in H2,
which limits to some nonempty interval in S1 which by construction is disjoint
from both X and Y . But this contradicts the defining property of the pair X,Y .
This contradiction proves the claim in this case too.
It remains to show that Λ+univ is nonempty when L branches in the positive di-
rection. Now, for any λ ∈ L, core(φλ) is perfect by lemma 2.2.3. It suffices to show
core(L+(λ)) is not equal to S1univ.
If we can find another leaf µ with λ ∈ L−(µ) and µ ∈ L−(λ), then as above,
core(L+(λ)) and core(L+(µ)) are unlinked as subsets. It follows that the subset
core(L+(λ)) is contained in the closure of a single interval in the complement of
core(L+(µ)) and conversely, and therefore neither core is dense. To see that such a
µ exists, note that if there is ν with ν < µ and ν < λ but µ, λ incomparable, then µ
will have the desired properties.
Since L branches in the positive direction, there is ν and some leaves λ′, µ with
ν < µ, λ′ and λ′, µ incomparable. Since F is taut, if π(λ′) and π(λ) denote the
projections of λ, λ′ to M , there is some transverse positively oriented arc γ from
π(λ′) to π(λ). Lifting to M˜ , we see there is some α ∈ π1(M) such that α(λ′) < λ.
Then α(µ) is the desired leaf.
The corresponding properties for Λ−univ are proved by reversing the orientation
on L. 
5.3. Branched surfaces and branched laminations.
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Construction 5.3.1. Let Λ±univ be the invariant laminations of S
1
univ provided by
theorem 5.2.3. For each λ ∈ L, there are lamination of S1∞(λ) given by the pushfor-
ward φλ(Λ
±
univ). By construction 2.1.4, these laminations of S
1
∞(λ) span geodesic
laminations of λ, which we denote by Λ±geo(λ). Then define
Λ˜±geo =
⋃
λ∈L
Λ±geo(λ)
Note the tilde notation to be consistent with the convention that Λ˜±geo covers an
object in M . The objects Λ˜±geo are not yet necessarily 2–dimensional laminations;
rather they are branched laminations, to be defined shortly. On the other hand, they
have the important property that the branch locus of each leaf is a 1–manifold (that
is, there are no double points of the branch locus) and moreover, the sheets come
with a parameterization by leaves of Λ±univ that lets us split them open in a canoni-
cal way to a lamination.
The definition we give here of a branched lamination is not the most general
possible, since for us, every branched lamination comes together with an ordinary
lamination which it fully carries. Branched laminations are a generalization of
branched surfaces; see [43] for a definition and basic properties of branched surfaces.
Definition 5.3.2. A branched lamination fully carrying a lamination K ⊂ M is given
by the following data:
(1) An open submanifold N ⊂M
(2) A 1–dimensional foliation XV of N
(3) A lamination Λ of N transverse to XV , intersecting every leaf of XV
(4) A surjective map ψ : N → N from N to itself which is monotone on each
leaf x of XV
The underlying space of the branched lamination itself is the image K = ψ(Λ),
thought of as a subset ofM . We say that the lamination Λ is fully carried byK , and
is obtained by splittingK open.
Notice that with this definition, we allow the possibility that K = N = M ,
which would happen for instance if Λ is a foliation.
Let us describe our strategy to realize Λ˜±geo as branched laminations, which fully
carry split open laminations Λ˜±split.
Firstly, observe that we can define in generality a branched lamination as a
structure on M which is locally modelled on the structure in definition 5.3.2, and
for which the 1–dimensional foliations XV in local charts are required to piece to-
gether to give a global transverse 1–dimensional foliation, but for which the lami-
nations Λ and the map ψ are only defined locally, with no conditions on how they
might piece together globally. General branched laminations do not always fully
carry laminations.
Another way of thinking of a branched lamination is as the total space of a
distribution defined on a closed subset ofM which is integrable, but not uniquely.
That is, through every point, there is a complete integral submanifold tangent to
the distribution, but such submanifolds might not be disjoint. The branch locus
of the branched lamination consists of the union of the boundaries of the subsets
where such distinct integral submanifolds agree. In particular, the branch locus
has the structure of a union of 1–manifolds. In the case of a branched surface, this
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branch locus is a finite union of circles, and one typically requires this union of
circles to be in general position with respect to each other.
Given a branched lamination K , one can always find an abstract lamination
“carried” by K which consists of the disjoint union of some collection of such
integral submanifolds, topologized leafwise with the path topology, and as a lam-
ination by the compact open topology. The difficulty is in embedding this abstract
lamination in N transverse to the foliation XV . This amounts to finding a local
order structure on the leaf space of this abstract lamination. Once this order struc-
ture is obtained, the process of recovering ψ from K is more or less the same as
the usual process of blowing up some collection of leaves of a foliation or lamina-
tion, as described in [14]. In our case, the leaves of the abstract laminations carried
by Λ˜±geo are the unions
⋃
λ∈L φλ(l) where l is a leaf of Λ
±
univ, and we are implicitly
thinking of φλ(l) as a geodesic in λ by construction 2.1.4. The desired local order
structure on the leaves of these abstract laminations comes from the local order
structure on the order trees which are the leaf spaces of the geodesic laminations
ofH2 constructed from Λ±univ. In this way, the abstract laminations may be realized
as laminations in M˜ fully carried by Λ˜±geo. This is the summary of our strategy.
Now we go into detail.
To establish the desired properties of Λ˜±geo, we must first understand how the
laminations Λ±geo(λ) vary as a function of λ.
Let τ be a transversal to F˜ . The cylinder UT F˜ |τ , thought of as a circle bundle
over τ , carries two natural families of sections. The first family of sections comes
from the structure maps e and φ.
Construction 5.3.3. Let τ be a transversal to F˜ . The endpoint map defines an
embedding e : UT F˜ |τ → E∞. The structure map of the universal circle φ : S1univ×
L→ E∞, composed with e−1, defines a canonical collection of sections of the circle
bundle
UT F˜ |τ → τ
as follows. If we let ι : τ → L denote the embedding induced by the quotient map
M˜ → L, then the arcs p × ι(τ) with p ∈ S1univ map to a family of arcs in E∞|ι(τ).
In the case of the universal circles constructed in § 4 these are the restriction of the
special sections to ι(τ). Then e−1 pulls these back to define a family of sections of
UT F˜ |τ , which by abuse of notation we call the special sections over τ . If p ∈ S1univ,
we denote by σ(p)|τ the special section corresponding to p over τ .
The second family of sections comes from the geometry of M˜ .
Construction 5.3.4. ARiemannian metric onM pulls back to a Riemannian metric
on M˜ . Parallel transport with respect to the Levi–Civita connection does not pre-
serve the 2–dimensional distribution T F˜ , but the combination of the Levi–Civita
connection of the metric on M˜ together with orthogonal projection to T F˜ defines
an orthogonal (i.e. metric preserving) connection on T F˜ .
If τ is a transversal, this connection defines a trivialization of UT F˜ |τ by parallel
transport along τ . We call the fibers of this trivialization the geometric sections over
τ .
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Let ν denote the unit normal vector field to F , and ν˜ the unit normal vector
field to F˜ .
Lemma 5.3.5. There is a uniform modulus f : R+ → R+ with
lim
t→0
f(t) = 0
such that for any p ∈ S1univ, any q ∈ M˜ and τ(t) any integral curve of ν˜ through q
parameterized by arclength, then if
r = σ(p)|τ(0) ∈ UTqF˜
and σ′(·) denotes the geometric section over τ obtained by parallel transporting r, we have
arcwise distance from σ(p)|τ(t) to σ
′(t) in UTτ(t)F˜ ≤ f(t)
Proof. This just follows from the compactness of UTF and the continuity of e and
φ. 
Said another way, lemma 5.3.5 says that a geometric section and a special sec-
tion which agree at some point cannot move apart from each other too quickly.
Since the geometric sections are defined by an orthogonal connection, it follows
that if σ(p) and σ(q) are two special sections, the angle between them cannot vary
too quickly. This lets us prove the following.
Lemma 5.3.6. The laminations Λ±geo(λ) vary continuously on compact subsets of M˜ , as a
function of λ ∈ L. Moreover, the sets Λ˜±geo are closed as subsets of M˜ .
Proof. The continuity of Λ±geo(λ) on compact subsets of M˜ follows from the fact
that the leaves λ themselves vary continuously on compact subsets, together with
the continuity of e and φ.
Now we show that the unions Λ˜±geo are closed. Let λi → λ and pi ∈ λi → p ∈ λ
be a sequence of leaves of F˜ and points in those leaves. Since pi → p, it follows
that for sufficiently large i, the leaves λi are all comparable, and contained in an in-
terval I ⊂ L, so without loss of generality, we can assume that all λi are contained
in I . Let τ be an orthogonal trajectory to F˜ through p, parameterized by arclength,
and let qi ∈ λi be equal to τ ∩ λi. Suppose that pi ∈ Λ+geo(λi) for each i. We must
show that p ∈ Λ+geo(λ). Now, since pi ∈ Λ
+
geo(λi), there is a leaf li of Λ
+
geo(λi) with
pi ∈ li. Geometrically, li is just a geodesic in λ with respect to its hyperbolic met-
ric. Let l±i ∈ S
1
univ be a pair of points which span a leaf l
′
i of Λ
+
univ which maps
to li under φλ by the pushforward construction and construction 2.1.4. Then by
lemma 5.3.5, the angle between the special sections over τ defined by l±i cannot
vary too quickly. But in UTpiλi, the angle between the endpoints of li is π, since
pi lies on the geodesic li. It follows that as i → ∞, the angle between the special
sections over τ defined by l±i converges to π, and therefore the pushforward leaves
φ(l′i) span geodesics in Λ
+
geo(λ)which contain points converging to p. Since Λ
+
geo(λ)
is closed in λ, the point p ∈ Λ+geo(λ), as claimed. 
The next lemma shows, as promised, that Λ˜±geo are branched laminations which
can be split open. The following lemma is somewhat ad hoc. However, the ba-
sic idea is very simple, and is precisely as described in the paragraphs following
definition 5.3.2. Namely, the branched laminations Λ˜±geo can be split open because
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they are parameterized by abstract laminations whose leaf spaces already have
well–defined local order structures.
Lemma 5.3.7. Λ˜±geo are branched laminations of M˜ , fully carrying laminations Λ˜
±
split
which are preserved by the action of π1(M).
Proof. For the sake of notation, we restrict to Λ˜+geo.
Fix some small ǫ, and for each leaf λ of L let N(λ) be the subset of points in λ
which are distance < ǫ from Λ+geo(λ), and let
N˜ =
⋃
λ
N(λ)
The nearest point map (in the path metric on λ) defines a retraction from N(λ) to
Λ+geo(λ), away from the set of points which are equally close to two leaves; call
these ambivalent points. The preimages of this retraction, together with the points
equally close to two leaves, give a 1–dimensional foliation of N(λ)\Λ+geo(λ) by
open intervals, with at most one ambivalent point on each open interval, as the
midpoint.
If Λ+geo foliates some region, then the integral curves of the orthogonal distri-
bution define a foliation of the foliated region of Λ+geo. Together, this defines a
1–dimensional foliation of N(λ). By lemma 5.3.6, these foliations vary continu-
ously from leaf to leaf of λ, and define a 1–dimensional foliation XV of N˜ , which
is an open neighborhood of Λ˜+geo.
If l,m are leaves of Λ+geo(λ) which are both in the closure of the same comple-
mentary region, and which contain points which are < 2ǫ apart, then there are at
most two points p, q in this complementary region which are distance exactly ǫ in
λ to both l and m. Call such points cusps. The set of cusps in each leaf λ of F˜ are
isolated; futhermore, by lemma 5.3.6 the set of cusps in λ varies continuously as
a function of λ, thereby justifying the notation p(λ) for a family of leafwise cusps,
with the possibility of birth–death pairs in the sense of Morse theory when two
distinct cusp points p(λ), q(λ) coalesce at some leaf λ0 and disappear for nearby
leaves on one side. It follows that the union of all cusps defines a locally finite col-
lection c˜ of properly embedded lines in M˜ which covers a link c ⊂M . By abuse of
notation, we call c˜ the cusps ofN . Observe that the cusps parameterize the branch-
ing of the leaf space of XV , as follows. For each point p ∈ c˜ there is a 1–parameter
family γt of leaves of XV , with t ∈ [0, 1), such that the limit of the as t → 1 is a
union of two leaves γ±1 together with the point p, which is in the closure of both
γ+1 and γ
−
1 . We refer to such a family of leaves ofXV as a bifurcating family.
To show that Λ˜+geo is a branched lamination fully carrying a lamination, we must
first define a map ψ : N˜ → N˜ which is monotone on each leaf of XV . For conve-
nience, we use construction 2.1.4 to think of Λ+univ as a geodesic lamination of a
copyH2univ of the hyperbolic plane bounded by S
1
univ. Notice that each leaf γ ofXV
is contained in a leaf λ of F˜ . The leaf γ might be bounded or unbounded in λ, the
latter case occurring for instance if Λ+geo(λ) is a foliation. A bounded endpoint of γ
determines a complementary region to Λ+univ in H
2
univ. Pick a point in such a com-
plementary region. An unbounded end determines an endpoint in S1∞(λ), which
determines its preimage under φ−1λ in S
1
univ. This preimage might be a point or an
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interval; for concreteness, if it is an interval, pick its anticlockwisemost point. Span
the two points constructed in this way by a geodesic γuniv. This geodesic γuniv can
be thought of as a “preimage” to γ. Note that by our choice of ideal endpoints for
γuniv that γuniv does not cross any leaves of Λ
+
univ whose endpoints are identified
by φλ. It follows that γuniv crosses exactly those leaves of Λ
+
univ which correspond
to leaves of Λ+(λ) crossed by γ. We define a monotone map ψ : γuniv → γ which
takes each intersection γuniv ∩ Λ
+
univ to the corresponding intersection γ ∩ Λ
+
geo(λ),
and takes complementary intervals either to the corresponding intervals, or col-
lapses them to points if the corresponding leaves in Λ+univ are identified in Λ
+
geo(λ).
We want to make the assignment γ → γuniv continuously as a function of γ,
at least away from the cusps c˜. This amounts to choosing the endpoints of γuniv
in complementary regions to Λ+univ in H
2
univ continuously as a function of γ. Since
the complementary regions are all homeomorphic to disks, and are therefore con-
tractible, there is no obstruction to making such a choice. It is clear that this con-
struction can be done in a π1(M) equivariant manner, where we think of π1(M)
acting on the leaves of Λ+univ and permuting the complementary regions as sets.
Along the cusps c˜, one must be slightly more careful. If γt with t ∈ [0, 1) limiting
to γ±1 is a bifurcating family, we must choose (γt)univ and (γ
±
1 )univ so that there is
an equality
(γ−1 )univ ∪ p ∪ (γ
+
1 )univ = lim
t→1
(γt)univ
for some p in a complementary region to H2univ. Again, the contractibility of com-
plementary regions implies that this can be done, even equivariantly.
For each γ, the graph of ψ : γuniv → γ defines an interval ψ(γuniv) in the product
H2univ × N˜ . The disjoint union of intervals ψ(γuniv) as γ varies over leaves of XV
is itself an open 3–manifold N˜ ′ homeomorphic to N˜ as a subspace of H2univ × N˜ .
Moreover, the intersections of the geodesics γuniv with leaves of Λ
+
univ defines a
lamination Λ˜+split of N˜
′ that maps by ψ to Λ˜+geo.
The action of π1(M) on the base 3–manifold N induces an action on N˜ ′ as fol-
lows. Sincewewant the actions on N˜ ′ and N˜ to be semiconjugate under the mono-
tone map ψ, we must just decide how an element α ∈ π1(M) should act on point
preimages of p ∈ N˜ . Now, for each p ∈ N˜ , either ψ−1(p) is a point, or an interval
in a complementary region of Λ+univ with endpoints on distinct leaves l,m of Λ
+
univ
which map to the same leaf of some Λ+geo(λ). But then for α ∈ π1(M), the preimage
of ψ−1(α(p)) is also a complementary interval, with endpoints on leavesα(l), α(m)
of Λ+univ. The interval we define α : ψ
−1(p) → ψ−1(α(p)) to be the unique affine
homeomorphism which takes the endpoint on l to the endpoint on α(l), and the
endpoint on m to the endpoint on m. Here we mean affine with respect to the
length induced as a geodesic segment in H2. This is the desired action. 
Notice that we can choose ψ : N → N to have point preimages which are as
small as desired. It follows that the laminations Λ˜±split can be chosen to intersect
leaves of F˜ in lines which are uniformly (k, ǫ) quasigeodesic, for any choice of
k > 1, ǫ > 0.
Define Λ±split to be the laminations ofM covered by Λ˜
±
split.
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Notice too that if Λ+split for instance is a genuine lamination, there is a choice
of partition into guts and interstitial regions for which the cores of the interstitial
annuli are exactly the cusps c.
Theorem 5.3.8. Let F be a taut foliation of an atoroidal 3–manifold M . Suppose F
has two–sided branching. Then M admits laminations Λ±split which are are essential lam-
inations of M , which are transverse to F , and which intersect the leaves of F in curves
which are uniformly (k, ǫ) quasigeodesic, for any k > 1, ǫ > 0.
Proof. We construct Λ˜±split as in lemma 5.3.7, covering laminations Λ
±
split inM .
By construction, the leaves of Λ˜±split are all planes, so Λ
±
split do not contain any
spherical leaves or torus leaves bounding a solid torus, and complementary re-
gions admit no compressing disks. Moreover, since M admits a taut foliation F
by hypothesis, M˜ is homeomorphic to R3, so complementary regions admit no
essential spheres. It remains to show that there are no compressing monogons.
If D is a compressing monogon for Λ+split, there are points p, q in ∂D contained
in a leaf λ of Λ+split which are arbitrarily close together inD but arbitrarily far apart
in λ. Lift D, p, q, λ to M˜ , where by abuse of notation we refer to them by the same
names. Since p, q are arbitrarily close in M˜ , they are contained in comparable
leaves µ1, µ2 of F˜ . Suppose p ∈ µ1 ∩ λ. Let τ be a short orthogonal trajectory
from µ1 to µ2. The endpoints of the quasigeodesic λ∩ µ1 determine a leaf of Λ
+
univ,
which determines a pair of special sections of UTτF˜ . By lemma 5.3.5 and the
uniformity of k, ǫ, the angle between these special sections stays close to π along
τ , for τ sufficiently short. It follows that there is a short path in λ, starting from p,
from µ1 to some p
′ ∈ µ2. But Λ˜
+
split ∩ µ2 is a (k, ǫ)–quasigeodesic lamination, so p
′
and q can be joined by a short path in λ ∩ µ2, and therefore p and q are close in λ,
contrary to the definition of D.
It follows that no such compressing monogon D exists, and the laminations
Λ±split are essential, as claimed. 
5.4. Straightening interstitial annuli. In this subsection we show that each com-
plementary region to Λ±split can be exhausted by a sequence of guts, for some par-
tition into guts and I–bundles, such that the interstitial annuli are transverse to
F . This implies that complementary regions are solid tori. Note that this does not
address the question, left implicit in the last subsection, of whether or not the lam-
inations Λ±split are genuine; but it does show that if they are genuine, then they are
very full.
Each leaf of Λ˜±split is transverse to the foliation F˜ , and therefore it inherits a
codimension one foliation, whose leaves are the intersection with leaves of F˜ . We
show that this foliation branches in at most one direction.
Lemma 5.4.1. Let π be a leaf of Λ˜+split. The induced foliation π ∩F of π does not branch
in the positive direction, and similarly for leaves of Λ˜−split.
Proof. Let l be a leaf of Λ+(λ). That is, a leaf of Λ(core(L+(λ))), thought of as an
unordered pair of distinct points in S1univ. By lemma 5.2.2, the image φµ(l) is trivial
unless µ < λ.
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The subset of L consisting of leaves µwith µ < λ does not branch in the positive
direction. Consider the union
Π(l) =
⋃
λ∈L
φλ(l) ⊂ M˜
where for each λ, we think of φλ(l) as a leaf of Λ
+
geo(λ). LetH ⊂ L be the subset of
leaves λ with φλ(l) nontrivial. Then H does not branch in the positive direction.
Moreover, Π(l) is carried by the branched lamination Λ˜+geo, and naturally embeds
into the split open lamination Λ˜+split as a union of leaves π1, π2, · · · , corresponding
to the connected components H1, H2, · · · ofH . Moreover, for each leaf λ ∈ Hi, the
intersection πi ∩ λ = φλ(l) is a single line. It follows that the induced foliation of
each πi does not branch in the positive direction.
Now, the leaves l of laminations Λ+(λ) with λ in F˜ are dense in Λ+univ. If π is a
limit of leaves πi where the induced foliation of πi does not branch in the positive
direction, the same is true for π. To see why this is true, let J be the subset of
L which π intersects. Lemma 5.3.6 implies that the set of leaves of F˜ which π
intersects in a single component is both open and closed in J , and is therefore
equal to J . It follows that if π branches in the positive direction, then J branches
in the positive direction. In this case, π intersects leaves µ1, µ2 of F˜ which are
incomparable but satisfy µ1 > λ, µ2 > λ for some third leaf λ of F˜ . But this means
that πi intersects both µ1 and µ2 for sufficiently big i, contrary to the fact that Hi
does not branch in the positive direction.
This contradiction proves the claim, and the lemma follows. 
Lemma 5.4.2. Let Λ±split be the laminations constructed in theorem 5.3.8. Then there is a
system of interstitial annuli A±i for Λ
±
split, such that, (supressing the superscript ± for the
moment) each Ai satisfies the following properties:
(1) The intersection of Ai with the foliation F induces a nonsingular product folia-
tion of Ai = S
1 × I by intervals point× I .
(2) There is a uniform ǫ, which may be chosen as small as desired, such that each
leaf of the induced foliation of each Ai has length ≤ ǫ. Moreover, every point p
in an interstitial region can be connected to a point in the lamination by an arc
contained in a leaf of F of length ≤ ǫ/2.
We say that such an interstitial system is horizontally foliated.
Proof. We do the construction upstairs in M˜ . For convenience, we concentrate on
Λ˜+split. By abuse of notation, we denote Λ˜
+
split ∩ λ by Λ
+
split(λ), for λ a leaf of F˜ .
We suppose that we have performed the splitting in such a way that the geodesic
curvatures of the leaves of Λ+split(λ) are uniformly pinched as close to 0 as we like.
Recall that we can split open Λ˜+geo so that the laminations Λ
+
split(λ) for λ a leaf of
F˜ are as close as desired to geodesic laminations. We define the interstitial regions
to be precisely the set of points p in each leaf λ of F˜ , not in Λ+split(λ), and which are
contained in an arc in λ of length ≤ ǫ between two distinct boundary leaves. This
obviously satisfies the desired properties. 
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Lemma 5.4.3. Let Ai be a horizontally foliated system of interstitial annuli for Λ
+
split.
Then, after possibly throwing away annuli bounding compact interstitial regions, the sys-
tem Ai can be isotoped so that at the end of the isotopy, each annulus is transverse or
tangent to F .
Proof. We assume before we start that we have thrown away annuli bounding
compact interstitial regions. The key to the proof of this lemma is the fact that the
foliation of leaves of Λ˜+split by the intersection with F˜ does not branch in the posi-
tive direction. This lets us inductively push local minima in the positive direction,
until they cancel local maxima. The first step is to describe a homotopy from each
Ai to some new Ai which is either transverse or tangent toF . At each stage of this
homotopy, we require that the image of Ai be foliated by arcs of its intersection
with leaves of F . It is clear that there is no obstruction to doing this. We fix no-
tation: let C be a complementary region, and Ci the interstitial I–bundle bounded
by the Ai.
Let ci be the core of an interstitial annulus Ai. Suppose ci is not transverse
or tangent to F . Then ci must have at least one local maximum and one local
minimum, with respect to the foliation F . Either Ai bounds a compact I bundle
over a disk, or else the universal cover A˜i is noncompact, and c˜i has infinitely many
local maxima andminima. By hypothesis, we have already thrown away compact
I–bundles, so we may assume A˜i is noncompact. Let p be a local minimum on
c˜i ∩ λ, and p± neighboring local maxima on c˜i ∩ λ± for leaves λ, λ± of F˜ . Then by
construction, λ < λ+, λ− in the partial order on L. (It should be remarked that the
± notation reflects the order of the points p−, p, p+ in the arc c˜i, and not the order
structure of the related leaves λ−, λ, λ+ in L.)
By lemma 5.4.1, λ+ and λ− are comparable; without loss of generality, we can
assume λ− ≤ λ+. Then there is q on c˜i between p and p+ with q ∈ c˜i ∩ λ−. The
points q and p− are contained in arcs Iq, Ip− of A˜i which bound a rectangleR ⊂ A˜i.
The arcs Iq, Ip− also bound a rectangle R
′ ⊂ λ− of a complementary region to
Λ+(λ−)split. The union R ∪R
′ is a cylinder which bounds an interval bundle over
a disk D × I in a complementary region. We push R across this D × I to R′, and
then slightly in the positive direction, cancelling the local minimum at p with the
local maximum at p′. Do this equivariantly with respect to the action of π1(Ai)
on the lift A˜i. After finitely many moves of this kind, all maxima and minima
are cancelled, and we have produced new immersed annuli A′i either transverse
or tangential to F , and homotopic to the original Ai. If A
′
i is tangent to F , it
finitely covers some annular complementary region to Λ+split ∩ λ for some leaf λ
of F . Since it is homotopic to an embedded annulus, by elementary 3–manifold
topology the degree of this covering map must be one, and A′i must be embedded.
See for example chapter 13 of [34].
IfA′i is transverse toF , it is either embedded, or cuts off finitely many bigon×I
where the edges of the bigons are transverse to F . By inductively pushing arcs
across innermost embedded bigons, we can reduce the number of bigons by two
at a time. We can do this unless there is a single arc of self–intersection of A′i which
corresponds to both cusps of a (non–embedded) bigon. But, since A′i is homotopic
to Ai which is embedded, the number of arcs of intersection must be even, for ho-
mological reasons. It follows that all bigons can be cancelled, and A′i is homotopic
to A′′i which is embedded. By further cancelling bigons of intersection of A
′′
i with
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A′′j for distinct indices i, j we can assume the union of theA
′′
i are disjointly embed-
ded. Let C′′i be the I–bundle bounded by the A
′′
i . By construction, Ci and C
′′
i are
homotopy equivalent in C. Since Ci, C
′′
i and C are all Haken, again, by standard
3–manifold topology, Ci and C
′′
i are isotopic in C, and therefore the system Ai is
isotopic to the system A′′i .
Compare lemma 2.2.2 of [6]. 
Theorem 5.4.4. Every complementary region to Λ±split is a finite–sided ideal polygon bun-
dle over S1. Moreover, after possibly removing finitely many isolated leaves and collapsing
bigon bundles over S1, the laminations Λ±split areminimal.
Proof. By lemma 5.4.2 and lemma 5.4.3, we can exhaust each complementary re-
gion by a sequence of guts Gi bounded by interstitial annuli transverse to F .
It follows that the boundary of each Gi is foliated by the intersection with F ,
and therefore each boundary component is a torus. Since M is irreducible and
atoroidal, these tori either bound solid tori, or are contained in balls. But by con-
struction, the core of each essential annulus is transverse to F , and is therefore
essential in π1(M) by theorem 3.1.4. So every torus bounds a solid torus, which is
necessarily on the Gi side, and therefore each Gi is a solid torus.
For distinct i, j, the core of a complementary annulus to the interstitial annulus
is a longitude contained in both ∂Gi and ∂Gj . It follows that the inclusion of each
Gi into Gi+1 is a homotopy equivalence, and therefore the union is an open solid
torus. Moreover, this inclusion takes interstitial regions to interstitial regions, and
therefore each interstitial region is of the form S1 × I × R+. It follows that each
complementary region is a finite–sided ideal polygon bundle over S1, as claimed.
If some complementary region is actually a bigon bundle over S1, after lifting
to M˜ , the boundary leaves intersect each leaf of F˜ in quasigeodesics which are
asymptotic at infinity. It follows that such regions arose by unnecessarily splitting
open a leaf of Λ˜±geo; we blow such regions down, identifying their boundary leaves.
To see that Λ±split are minimal, after possibly removing finitely many isolated
leaves, observe that if Λ is a minimal sublamination of Λ+split, then the construction
in lemma 5.4.2 still applies, and therefore by lemma 5.4.3, the complementary re-
gions of this minimal sublamination are also finite sided ideal polygon bundles
over S1. It follows that every leaf of Λ+split\Λ must be a suspension of one of the
finitely many diagonals of one of the finitely many ideal polygons. The theorem
follows. 
5.5. Anosov flows. In this subsection we address the question of when the lami-
nations Λ±split are genuine, and not merely essential, at least when F has 2–sided
branching.
Lemma 5.5.1. Let S1univ be a minimal universal circle. The endpoints of leaves of Λ
+
univ are
dense in S1univ, and similarly for Λ
−
univ.
Proof. Suppose not. Then there is some interval I ⊂ S1univ which does not intersect
any leaf ofΛ+univ. Since S
1
univ is minimal, there is some leaf λ of F˜ such that core(φλ)
intersects the interior of I . It follows that φλ(I) is an interval in S
1
∞(λ) which does
not intersect a leaf of φλ(Λ
+
univ). But this is contrary to the fact from theorem 5.4.4
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that complementary regions to Λ+split are finite sided ideal polygon bundles over
S1. 
It is clear from theorem 5.4.4 that Λ±split are genuine iff for some leaf λ of F˜ , the
geodesic laminations Λ±geo(λ) are not foliations.
Example 5.5.2. Suppose p ∈ S1univ is invariant under the action of π1(M) on S
1
univ.
We let Λp be the lamination of S
1
univ consisting of all unordered pairs p, q where
q ∈ S1univ\p. By construction 2.1.4 this corresponds to the geodesic lamination of
H2 by all geodesics with one endpoint at p.
Note that for each leaf λ of F˜ , the pushforward lamination φλ(Λp)geo consists
of the geodesic lamination of λ by all geodesics with one endpoint at φλ(p).
We call the foliation ofH2 by all geodesics with one endpoint at some p ∈ S1∞ the
geodesic fan centered at p. By abuse of notation, we also refer to the corresponding
lamination of S1∞ as the geodesic fan centered at p.
At first glance, it appears as though example 5.5.2 is the typical example of a taut
foliation for which Λ+split is essential but not genuine. However, this is somewhat
misleading, as we will shortly see.
Lemma 5.5.3. Suppose for some F that there is a point p ∈ S1univ which is invariant
under the action of π1(M) on S
1
univ. Then F does not have two–sided branching.
Proof. Let λ be some leaf of F˜ , and let µ1 > λ and ν2, ν3 > λ leaves such that µ1 is
incomparable with ν2, ν3 and ν2, ν3 are incomparable with each other. Such leaves
can certainly be found if F˜ branches in the positive direction. Since F is taut,
there is a positive transversal from the projection toM of each νi to the projection
of µ1. Lifting to M˜ , there exist elements α2, α3 ∈ π1(M) such that αi(µ1) = µi > νi
for i = 2, 3. Then the µi are all translates of each other, are mutually incomparable,
and are all > λ for some λ.
It follows that L+(µi) are disjoint and incomparable for i = 1, 2, 3 and there-
fore core(L+(µi)) is contained in the closure of a single gap of core(L
+(µj)) for
i 6= j. But this implies that the sets core(L+(µi)) do not contain a common point
of intersection. Since p is preserved by the action of π1(M), if it were contained in
core(L+(µi)) for some i, it would be contained in core(L
+(µi)) for all three, con-
trary towhat we have just shown. It follows that p is not contained in core(L+(µ1)),
and therefore is not contained in core(L+(α(µ1))) for any α ∈ π1(M).
But if F˜ branches in the negative direction, by the tautness of F we can find
an element β ∈ π1(M) such that β(µ1) and µ1 are incomparable, and both satisfy
µ1, β(µ1) < λ
′ for some λ′. But then the union of L+(µ1) and L
+(β(µ1)) is all of L,
and therefore core(L+(µ1)) ∪ core(L+(β(µ1))) = S1univ, so p is contained in one of
them, which is a contradiction.
It follows that F does not have 2–sided branching, as claimed. 
Construction 5.5.4. Let G be a foliation ofH2 by geodesics, and suppose G is not a
geodesic fan. Then G does not branch, and the leaf space of G is homeomorphic to
R. Corresponding to the two ends of R there are exactly two points in S1∞ which
are not the endpoints of any leaf of G . Call these the ideal leaves of G .
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Lemma 5.5.5. Let F be a taut foliation of an atoroidal 3–manifold M , and suppose for
every leaf λ of F˜ that Λ+geo(λ) is a foliation. Then every foliation Λ
+
geo(λ) is a geodesic fan
centered at some unique s(λ) ∈ S1∞(λ).
Proof. Let J ⊂ L be the leaves of F˜ for which Λ+geo(λ) is not a geodesic fan. Then
by construction 5.5.4, to each λ ∈ J we can associate two points p±(λ) ∈ S1∞(λ)
which are the ideal leaves of the foliation Λ+geo(λ). Let γλ be the geodesic spanned
by p±.
By lemma 5.3.6, J is open as a subset of L, and the union
G˜ =
⋃
λ∈J
γλ
is a locally finite union of complete planes transverse to F˜ . This union covers
some compact surfaceG ⊂M transverse to F , and the intersection with leaves of
F defines a foliation of G. It follows that G consists of a union of incompressible
tori and Klein bottles. ButM is atoroidal, so J is empty. The lemma follows. 
To characterize those taut foliations for which Λ±split are essential but not gen-
uine, we must introduce the notion of an Anosov flow.
Definition 5.5.6. An Anosov flow φt on a 3–manifold M , with orbit space the 1–
dimensional foliationX , is a flow which preserves a decomposition of the tangent
bundle
TM = Es ⊕ Eu ⊕ TX
and such that the time t flow uniformly expands Eu and contracts Es. That is,
there are constants µ0 ≥ 1, µ1 > 0 so that
‖dφt(v)‖ ≤ µ0e
−µ1t‖v‖ for any v ∈ Es, t ≥ 0
and
‖dφ−t(v)‖ ≤ µ0e
−µ1t‖v‖ for any v ∈ Eu, t ≥ 0
The 1–dimensional foliations obtained by integrating Es and Eu are called the
strong stable and strong unstable foliations, and we denote them Xss, Xsu respec-
tively. Furthermore, the bundles TX ⊕ Es and TX ⊕ Eu are integrable, by a the-
orem of Anosov [2], and are tangent to 2–dimensional foliations called the weak
stable and weak unstable foliations, denoted Fws,Fwu respectively.
See [18] and [19] for more details, and some important results in the theory of
Anosov flows on 3–manifolds.
Example 5.5.7. LetF be Fws for some Anosov flowX onM . Then every leaf of F˜
is foliated by flowlines of X . Suppose flowlines of X are quasigeodesic in leaves
of F˜ . Then after straightening flowlines leafwise, the foliation of each leaf λ by X
is a geodesic fan, asymptotic to some p ∈ S1∞(λ).
The main result of this subsection is that such examples are the only possibility,
when Λ±split are essential but not genuine.
Theorem 5.5.8. Let F be a taut foliation ofM , and suppose that Λ+split is essential but not
genuine. Then there is an Anosov flow φt ofM such that F is the weak stable foliation of
φt, and Λ
+
split is the weak unstable foliation.
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Proof. Constructing the flow is easy; most of the proof will be concerned with
verifying that it has the requisite properties.
By lemma 5.5.5, for every leaf λ of F˜ , the lamination Λ+geo(λ) is a geodesic fan,
asymptotic to some unique p(λ) ∈ S1∞(λ).
Let Y˜ be the unit length vector field on M˜ contained in T F˜ which on a leaf λ
points towards p(λ) ∈ S1∞(λ). Here we are identifying UTpλ with S
1
∞(λ) for each
p ∈ λ by the endpoint map e. Then Y˜ descends to a nowhere vanishing leafwise
geodesic vector field Y on F . We will show that if φt denotes the time t flow
generated by Y , then φt is an Anosov flow, and that F is the weak stable foliation
for φt.
We define Eu as follows. Each point q ∈ S1univ determines a geodesic γq(λ) in
each leaf λ of F˜ by setting γq(λ) equal to the unique geodesic from φλ(q) to p(λ).
As we let λ vary but fix q, the γq(λ) sweep out a (possibly disconnected) union of
planes transverse to F˜ , whose leaves intersect leaf of F˜ exactly in the flowlines
of Y˜ . We define Eu to be the orthogonal distribution to Y˜ in the tangent space to
these leaves.
For simplicity, we first treat the case that F is minimal, and then show how to
modify the argument for general F .
Recall definition 4.2.2 of a sawblade from § 4.2, and the definition of the contract-
ing and expanding directions.
Let γ be a closed embedded geodesic contained in a leaf λ of F . Let λ˜ be a
covering leaf of λ in M˜ , stabilized by the corresponding element [γ] ∈ π1(M).
Since p(λ˜) is defined intrinsically by the foliation Λ+geo(λ˜), it follows that [γ] fixes
p(λ˜), and γ is a closed orbit of Y . Let γ˜ be the corresponding axis of [γ] on λ˜. Then
one endpoint of γ˜ is p(λ˜); let r ∈ S1∞(λ˜) be the other endpoint of γ˜. By hypothesis,
γ˜ is equal to φeλ(l)geo for some leaf l of Λ
+
univ.
Let τ is an embedded interval in L containining λ˜ as an endpoint. For suffi-
ciently short τ , the intervals τ and [γ](τ) are completely comparable; moreover,
for some choice of orientation on γ, we can assume [γ](τ) ⊂ τ .
Then the set of leaves φν(l)geo for ν ∈ τ is an embedded rectangle R in M˜ , such
that γ(R) ⊂ R, and we can find an embedded ǫ–sawblade P for F in M with γ
as a boundary circle. Notice that R is tangent to Eu ⊕ TY . Since P is embedded,
there is a lower bound on the length of an arc in M from P to itself which is not
homotopic into P . By minimality of F , there is a uniform R such that for any leaf
λ of F , and every point p ∈ λ, the ball of radiusR about p in λ (in the path metric)
intersects P .
Return to the universal cover. Then preimages of P intersect every leaf λ of
F˜ in a union of bi–infinite geodesics and geodesic rays, contained in flowlines of
Y˜ , which intersect the ball of radius R about any point in λ, as measured in λ. If
P˜ is one component of the preimage, then P˜ ∩ λ contains a geodesic ray δ in the
contracting direction. Let q ∈ λ be a point far from the geodesic containing δ. Then
there is a translate α(P˜ ) with α ∈ π1(M) which intersects the ball in λ of radius R
about q, and whose intersection with λ contains a geodesic ray δ′. By the choice of
q, the rays δ and δ′ are not contained in the same geodesic. Moreover, since P is
compact and embedded in M , it does not accumulate on itself, so the rays δ and
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δ′ are not asymptotic to the same point in S1∞(λ). On the other hand, δ and δ
′ are
both contained in flowlines of Y˜ , which are asymptotic in the positive direction;
it follows that the contracting direction of γ is the negative direction. A priori,
holonomy around the sawblade P is merely non–increasing for some nearby leaf.
But in fact, this argument shows that the holonomy is actually strictly decreasing for
all leaves sufficiently close to γ. The same argument shows that there is another
sawblade P ′ on the other side of γ, for which γ is also the contracting direction.
We show now that flow along Y˜ eventually strictly increases the length of any
integral curve of Eu. Let τ be a short integral curve, and let τ˜ be a lift to M˜ . Let λ
be a leaf of F˜ which intersects τ˜ and also some lift γ˜ of γ. Then the flowline of Y˜
through τ ∩ λ is eventually asymptotic to the (negatively oriented) γ˜. But we have
just seen that holonomy around γ is strictly decreasing, so flow along Y˜ eventually
blows up any arbitrarily short transversal to γ to a transversal of definite size. If
follows that flow along Y˜ eventually blows up the length of any arbitrarily short
τ˜ , as claimed. By covering an integral curve with such short curves, and using the
compactness of M , we can find uniform estimates for the rate of this blow up, as
required.
If F is not minimal, the argument is basically the same, except that we must
use the fact that almost every geodesic ray in a leaf of F is asymptotic to some
minimal set to extend the arguments to all of F . 
It is now easy to deduce our main theorem.
Theorem A. Let F be a co–orientable taut foliation of a closed, orientable algebraically
atoroidal 3–manifold M . Then either F has 2–sided branching and is the weak stable
foliation of an Anosov flow, or else there are a pair of very full genuine laminations Λ±split
transverse to F .
Proof. If F has two–sided branching, then this follows from theorem 5.3.8, theo-
rem 5.4.4 and theorem 5.5.8.
If F has one–sided branching, this follows from theorem 4.1.1 of [6]. If F is
R–covered, this follows from theorem 5.3.13 of [5]. 
Corollary 5.5.9. LetM be a closed 3–manifold which admits a taut foliation. Then either
M is toroidal, or admits an Anosov flow whose weak stable and unstable foliations have
two–sided branching, or else π1(M) is word hyperbolic, the mapping class group of M
is finite, and every self–homeomorphism of M homotopic to the identity is isotopic to the
identity.
Proof. This follows from theoremA together with theorem 3.2.6, theorem 3.2.7 and
theorem 3.2.12, all due to Gabai–Kazez. 
6. THE DYNAMICS OF Λ±SPLIT
This section is basically descriptive. No important lemmas or theorems are
proved, but we try to describe in some geometric detail the interaction of the foli-
ation F with the laminations Λ±split. Finally, in § 6.3 we pose some questions, and
paint an optimistic and conjectural picture of the interaction of Λ±split and F , at
least in the best case.
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6.1. The structure of gut regions. In this subsection we describe the structure of
a gut region of Λ±split. This subsection is basically descriptive; no theorems are
proved here, and only one straightforward lemma. For convenience of notation,
we concentrate on Λ+split; of course, the case of Λ
−
split is completely analogous.
By theorem 5.4.4 we know that complementary regions are finite sided ideal
polygon bundles over S1, and therefore gut regions are finite sided neutered ideal
polygon bundles over S1. This terminology is standard: an ideal polygon is
neutered by removing neighborhoods of its ideal points. The usual neighborhoods
one takes are the intersections with small horoballs centered at the points.
Recall that the collection of cusps constructed in lemma 5.3.7 are the cores of a
system of interstitial annuli Ai for a decomposition of complementary regions of
Λ±split into guts and interstitial I–bundles, and that there is a corresponding decom-
position of Λ±geo into guts and interstitial I–bundles, where some of the I–bundles
might limit on branch circles or lines. Throw away annuli bounding compact I–
bundles. Now observe that each A˜i intersects each leaf λ of F˜ in at most two
intervals, and therefore by lemma 5.4.1, we can conclude that the Ai are actually
transverse to F . Note a posteriori that we can conclude from theorem 5.4.4 that ev-
ery interstitial annular system can be isotoped to be transverse to F ; that is, we
need to allow components which are tangential to F , as is proved in lemma 5.4.3.
Recall further that the branch locus of Λ±geo consists of a collection of geodesic
lines and circles in leaves of F . Some of these might be in the closure of an inter-
stitial region of Λ±geo.
Let G be a gut region of Λ+split. As remarked above, it is bounded by a system
of interstitial annuli which are transverse to F . Let G˜ be a cover of G in M˜ . Then
G˜ is also the universal cover of G. Topologically, G is a solid torus, and G˜ is a
solid cylinder. If γ denotes the core circle of G, we can also think of γ by abuse of
notation as the generator of π1(G) = Z which acts on G˜ by deck transformations.
Let λt, with t ∈ (−∞,∞) parameterize the leaves of F˜ which intersect G˜, and
suppose this parameterization is chosen so that the action of γ on L satisfies
γ(λt) = λt+1
The boundary ∂G consists of two parts: the annular components Ai ⊂ ∂G, and
the laminar boundary ∂G ∩ Λ+split. Note that if Λ
± are co-orientable, this decompo-
sition defines the structure of a sutured manifold on G, in the sense of Gabai; see
[21] for a definition and basic properties of sutured manifolds. We denote these
subsets of ∂G by ∂vG and ∂hG, consistent with the usual notation from [21]. These
lift to ∂vG˜ and ∂hG˜ in the obvious way. The boundary ∂G˜ is foliated by circles of
intersection with leaves of F˜ .
There are three distinct classes of interstitial regions. Recall the map ψ from
lemma 5.3.7.
(1) If an interstitial region R of Λ+geo contains no branch locus, that is, if the
corresponding interstitial region R′ of Λ+split maps homeomorphically to R
by ψ, then the foliation of ∂G by circles transverse to F can be extended
to the entire interstitial region. The lift of the interstitial region intersects
exactly the leaves λt of F˜ ; i.e. the same set of leaves that G˜ intersects. We
call this kind of interstitial region a cusp.
PROMOTING ESSENTIAL LAMINATIONS 47
FIGURE 8. Three different kinds of interstitial region.
(2) If an interstitial region R of Λ+geo contains a circle branch component c, this
circle gets split open to a tangential interstitial annulus in the correspond-
ing interstitial region R′ of Λ+split. The leaves of F ∩ R
′ spiral around this
annulus and limit on to it. In M˜ , the annulus is covered by a rectangle con-
tained in a leaf ν of F˜ which is a limit of λt as either t → −∞ or t → ∞.
In the figure, the spiralling is from the positive side, and ν is a limit of λt
as t → −∞. We call this kind of interstitial region a (positive or negative)
annular spiral.
(3) If an interstitial regionR of Λ+geo contains a line branch component, it might
conceivably contain infinitely many such components, which we denote
γi. Each of these gets split open to a rectangle contained in the interior of an
interstitial region R′ of Λ+split bounded by a transverse interstitial annulus.
Moreover, the leaves F ∩R spiral out to fill all of the preimage of R under
the collapsing map ψ, and limit on the union of split open rectangles in
R′ contained in distinct leaves νi of F˜ which are all limits of λt as t →
−∞. Note that there is no claim that the νi fall into finitely many orbit
classes under the action of γ. Note that since there are at least infinitely
many νi which are limits of λt, the spiralling in this case must be from
the positive side, by lemma 5.4.1. We call this kind of interstitial region a
positive rectangular spiral.
These three classes of interstitial region are illustrated in figure 8.
We say that two interstitial regions bounding a gut component of Λ+split are adja-
cent if they have a common boundary leaf.
Lemma 6.1.1. Adjacent interstitial regions bounding a gut component of Λ+split do not
both contain negative annular spirals.
Proof. If so, then there are at least two distinct leaves ν, ν′ of F˜ which are posi-
tive limits of λt as t → ∞, and which intersect the same leaf of Λ˜
+
split, contrary to
lemma 5.4.1. 
6.2. Dynamics of Λ±split. We continue to use the setup and notation from subsec-
tion 6.1. Throughout this subsection, for convenience, we work with Λ˜+geo instead
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of Λ˜+split, since the relationship with the geometry of leaves of F˜ is clearer. By abuse
of notation, we refer to the leaves of Λ˜+geo, by which we mean the images of leaves
of Λ˜+split under the monotone map ψ from lemma 5.3.7. The relationship between
leaves of Λ˜+geo and leaves ofΛ
+
univ is more straightforward: each leaf luniv ofΛ
+
univ de-
termines a geodesic luniv(λ) in each leaf λ of F˜ , as a leaf ofΛ
+
geo(λ) = (φλ(Λ
+
univ))geo.
The union of the geodesics luniv(λ) as λ varies over L is a union of leaves of Λ˜
+
geo.
Moreover, every leaf of Λ˜+geo arises this way, although possibly not uniquely. For a
leaf l of Λ˜+geo, we let luniv denote a leaf of S
1
univ associated to l by this construction.
In particular,
l ∩ κ = (φκ(luniv))geo
for every leaf κ of F˜ which l intersects.
Suppose l,m are boundary leaves of Λ˜+geo which both bound a common annular
interstitial region after splitting, and let c denote the corresponding branch circle
of Λ+geo. Let luniv,muniv denote associated leaves of Λ
+
univ. Let li,mi be leaves of
Λ˜+geo which accumulate on l,m respectively, with associated leaves (li)univ, (mi)univ
of Λ+univ, and let ν be the leaf of F˜ containing the lift c˜, which is a geodesic in ν,
and a leaf of Λ+geo(ν). Note that we have an equality
c˜ = l ∩ ν = m ∩ ν
The element γ ∈ π1(M) stabilizes ν, and therefore acts as a translation on c˜. Since
li → l, we must have li∩ν → l∩ν. On the other hand, γ stabilizes ν, and permutes
li ∩ ν. Since this sequence of geodesics accumulates on l ∩ ν, they must all share
a common endpoint with c˜, or else some li ∩ ν would cross γ(li ∩ ν) transversely,
contrary to the definition of a lamination. There are two possibilities: either the
li∩ν share the attracting fixed point of γ with l∩ν, or else they share the repelling
fixed point. We call these type 1 and type 2 respectively; these types are illustrated
in figure 9
The projection π(l) of the leaf l to M is an annulus which is a boundary leaf
of Λ+geo. The projection of the leaf li spirals around this annulus under holonomy
transport around the core of the annulus. In type 1, the projection of li accumulates
on the projection of l in the positive direction, and in type 2, the accumulation is in
the negative direction. That is, holonomy transport around the core of the annulus
π(l) is contracting in type 1, and expanding in type 2. Here we are implicitly
orienting the core of the annulus so that the positive direction agrees with the co–
orientation of F .
As described in § 6.1, the intersections λt ∩ G˜ spiral around ν, accumulating on
the geodesic c˜. It follows that if our annular spiral is positive, then in type 2, the
geodesics li∩λt and l∩λt are asymptotic. Similarly, if the annular spiral is negative,
then in type 1, the geodesics li ∩ λt and l ∩ λt are asymptotic. This is illustrated in
figure 10.
Figure 10 illustrates types 1 and 2 for a positive annular spiral. Notice that
although l ∩ λt and li ∩ λt must be asymptotic in type 2, they are not necessarily
asymptotic in type 1.
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ec = l ∩ ν = m ∩ ν
γ
Type 1
Type 2
li ∩ ν
li ∩ ν
FIGURE 9. Either the attracting or the repelling fixed point of γ on
ν is asymptotic to nearby leaves of Λ+(ν) on either side.
6.3. An optimistic picture. The constructions and results above lead to many
other natural questions and potential connections with other areas of foliation the-
ory and 3–manifold topology. We discuss some of these connections now.
Universal circles for Λ±split: If Λ
±
split are genuine and tight, then theorem 3.8 of
[8] shows that there are a pair of circles (S1univ)
± and laminations L ± of (S1univ)
±
respectively whose leaves are in bijective correspondence with the leaves of Λ˜±split.
Moreover, there is a natural action of π1(M) on either circle, preserving the lamina-
tionsL ±. In this case, what is the relationship between the three circlesS1univ, (S
1
univ)
+, (S1univ)
−?
Good dynamical pairs for Λ±split: If Λ
±
split are carried by a pair of branched surfaces
which are a good dynamic pair in the sense of Mosher (see [41] for a definition),
then by theorem 4.10.4 of [41], M admits a pseudo–Anosov flow ψt. Can ψt be
made transverse or almost transverse to F? Corollary 3.9 of [8] constructs a uni-
versal circle associated to a pseudo–Anosov flow; what is the relationship of this
universal circle with the other universal circles above?
Finite depth foliations: If F is finite depth, Mosher and Gabai independently
construct a pseudo–Anosov flow onM almost transverse to F . The leaves of the
singular stable and unstable foliations of the flow can be split open to a pair of
genuine laminations. What is the relationship of these laminations to Λ±split?
Anosov flows: If F is the weak stable foliation of an Anosov flow, is there never-
theless a universal circle for F for which Λ±split are genuine? If Λ
+
split is (monotone
equivalent to ) a taut foliation, what is the relationship between its universal circle,
and the universal circle of F?
In the most optimistic picture for the structure of F ,Λ±split, all circles and struc-
tures constructed by various means are compatible to the extent that this makes
sense. This motivates the definition of the following object, called a pseudo–Anosov
package forM .
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Type 1
Type 2
l
l
l
l
li
li
li
li
λt
λt
in λt < ν
in λt < ν
FIGURE 10. In type 1, nearby leaves li to l spiral around l in the
positive direction; in type 2, they spiral around in the negative
direction. This determines the geometry of li ∩ λt for large λt. In
particular, li∩λt is asymptotic to l∩λt in type 2, but not necessarily
in type 1.
Definition 6.3.1. LetM be an algebraically atotoroidal 3–manifold, and F a taut
foliation. A pseudo–Anosov packageΨ forM consists of the following structure:
(1) The universal cover M˜ has the structure of a product D2univ × R in such a
way that the action of π1(M) descends to an action on theD
2
univ factor. The
action of π1(M) on M˜ extends to a continuous action on the product of
the closed disk with R. Moreover, there should be a natural identification
∂D2univ = S
1
univ, compatible with the representation ρuniv.
(2) The laminations Λ±univ determine geodesic laminations (Λ
±
univ)geo of D
2
univ
with finite sided complementary regionswhich are transverse to each other
and bind D2univ; that is, complementary regions to the union of the two ge-
odesic laminations are finite sided compact polygons.
(3) For each leaf λ of F˜ , the projection of λ to D2univ is convex; i.e. it is the
interior of a region bounded by an embedded union of complete geodesics
of (Λ±univ)geo
(4) The laminations Λ±split can be blown down to the stable/unstable foliations
of a pseudo–Anosov flow ψt transverse, or almost transverse to F
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(5) The quotient of the circleS1univ by the laminar relations determined byΛ
±
univ
is topologically a sphere S2univ, which is naturally homeomorphic to the
ideal boundary S2∞ of M˜ , and determines a Peano map P : S
1
univ → S
2
univ
which can be approximated by embeddings.
FIGURE 11. Leaves of Λ˜±split (red and blue) run up seams in either
direction, and bind the leaves of F˜ (green)
Properties 3 and 5 above imply that for each leaf λ of F˜ , the Peano map P :
S1univ → S
2
univ factors through the monotone map φλ : S
1
univ → S
1
∞(λ) and induces a
continuous map from S1∞(λ) to S
2
∞(π1(M)), continuously extending the inclusion
λ → M˜ . This so–called continuous extension property is actually established by
Fenley for many classes of taut foliations, including all those with quasigeodesic
transverse (or almost transverse) pseudo–Anosov flows. See [20] for a detailed
discussion.
Pseudo–Anosov packages: Given a pseudo–Anosov packageΨ, all the data of the
package can be recovered from the representation ρuniv : π1(M)→ Homeo
+(S1univ)
except for the foliation F . When are distinct taut foliations compatible with the
same pseudo–Anosov package? Are there only finitely many pseudo–Anosov
packages (up to isotopy and the ambiguity of F ) on a fixed 3–manifold?
Figure 11 shows how leaves of Λ˜±split and of F˜ should interlock. Notice how
the blue leaf branches in the negative direction, and the red leaves branch in the
positive direction. Notice too how the leaves of the laminations are asymptotic
into the “seams” of F˜ .
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